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Motivation

• In-context learning (ICL): transformer trained to produce map
• Input: sequences 𝑥1, 𝑓 𝑥1 , 𝑥2, 𝑓 𝑥2 , … , 𝑥𝑛

• Output: prediction of 𝑓 𝑥𝑛

• This paper: algorithmic reasoning as a lens to understand ICL

• Algorithmic task: regression
• 𝒙 ∈ ℝ𝑑 , 𝑓 𝒙 ∈ ℝ

• ICL isn’t learning a regressor; rather a regression algorithm
• ICL doesn’t explicitly specify inner learning procedure

• Procedure exists only implicitly through transformer’s parameters
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Motivation

Goal: Algorithmic reasoning as a lens to understand ICL

Prior work: transformers (TFs) can mimic regression algorithms
[e.g., Akyürek et al., ICLR’23]

Humans choose algorithms adaptively based on data

Can transformers also select which algorithm to use?

This paper: TFs perform adaptive in-context alg. selection
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Contributions

Core idea: Transformers act as adaptive statistical learners
• Represent and execute many standard ML algorithms

• TFs choose which algorithm fits the observed data

• Adapt automatically to task characteristics (e.g., noise, sparsity)

Mechanisms enabling selection:
• Post-ICL validation:

Compare candidate predictors on held-out examples

• Pre-ICL testing:

 Identify task type before learning (e.g., regression vs classification)
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In-context learning (ICL)

ICL instance 𝒟, 𝒙𝑁+1
• Dataset 𝒟 = 𝒙1, 𝑦1 , 𝒙2, 𝑦2 , … , 𝒙𝑁 , 𝑦𝑛  of labeled examples
• 𝒙𝑖 ∈ ℝ𝑑 sampled from distribution (e.g., 𝒩 𝟎, 𝐼𝑑 )
• 𝑦𝑖 ∈ ℝ are labels (e.g., real-valued regression, binary classification, …)
• Test input 𝒙𝑁+1

Each instance 𝒟, 𝒙𝑁+1  drawn from a different distribution P𝑗

• E.g., defined by different linear models with 𝑦𝑖 = 𝒘𝑗
⊤𝒙𝑖

Goal: construct fixed TF to perform ICL on large set of P𝑗s
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Outline

1. Theory

2. Empirics
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In-context gradient descent (ICGD)

Akyürek et al. [ICLR’23] proved guarantees for single-step ICGD
• Focus on expressivity: layers, width, …

• What about TFs that approximate GD up to some error?

This paper: 𝜖-approximation analysis for multi-step ICL
1. For any desired single-step ICGD error tolerance 𝜖 > 0:

A transformer can be constructed to meet that target

2. For 𝐿-layer TF, error accumulates linearly 𝑂 𝐿𝜖 , not exponentially

Provides explicit dependence on 𝜖, 𝐿, and model parameters
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In-context gradient descent (ICGD)
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Ridge Regression / Least Squares

ICGD results serve as a reusable foundation for ICL regression

Akyürek et al. [ICLR’23]: single-step GD for linear models only

This work extends to a broader class of objectives, e.g.,:
• Lasso: via proximal gradient descent

• Logistic regression for linear classification

Each inherits 𝜖-approximation guarantees
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Mechanism: Post-ICL algorithm selection

• Objective: Allow single TF to adapt across different tasks

• Setup: Input dataset 𝒟 = 𝒟train, 𝒟val
• 𝐾 learning algorithms realizable by ICGD (e.g., Ridge w/ different 𝜆s)
• Convex loss function

• Training phase: compute predictors 𝑓1, … , 𝑓𝐾 with 𝒟train

• Validation phase: evaluate each 𝑓𝑖 on 𝒟val; loss ෠𝐿val 𝑓𝑖

• Selection: choose nearly-optimal candidate

መ𝑓 ∈ conv 𝑓𝑖: ෠𝐿val 𝑓𝑖 ≤ min
𝑖∗∈ 𝐾

෠𝐿val 𝑓𝑖∗ + 𝛾

Convex loss and sufficiently large 𝒟train, 𝒟val ⇒ መ𝑓 nearly optimal
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Mechanism: Post-ICL algorithm selection

• Example: Noisy linear models with mixed noise levels

• Setup: Data generating distribution 𝜋:

• 𝒘 ∼ 𝒩 𝟎,
1

𝑑
𝐼𝑑 , 𝒙𝑖 ∼ 𝒩 𝟎,

1

𝑑
𝐼𝑑

• 𝐾 noise levels 𝜎1, … , 𝜎𝐾  and Λ = distribution over 𝜎1, … , 𝜎𝐾

• Sample 𝜎𝑘 ∼ Λ, define 𝑦1 = 𝒘⊤𝒙1 + 𝒩 0, 𝜎𝑘 , … , 𝑦𝑁 = 𝒘⊤𝒙𝑁 + 𝒩 0, 𝜎𝑘

• 𝒟 = 𝒙1, 𝑦1 , … , 𝒙𝑁 , 𝑦𝑁

BayesRisk𝜋 = inf
𝒜

𝔼
𝜋

1

2
𝒜 𝒟 𝒙𝑁+1 − 𝑦𝑁+1

2

Prediction of learning algorithm 𝒜 on test instance 𝒙𝑁+1 when trained on 𝒟
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Mechanism: Post-ICL algorithm selection

• Example: Noisy linear models with mixed noise levels

• Setup: Data generating distribution 𝜋:

• 𝒘 ∼ 𝒩 𝟎,
1

𝑑
𝐼𝑑 , 𝒙𝑖 ∼ 𝒩 𝟎,

1

𝑑
𝐼𝑑

• 𝐾 noise levels 𝜎1, … , 𝜎𝐾  and Λ = distribution over 𝜎1, … , 𝜎𝐾

• Sample 𝜎𝑘 ∼ Λ, define 𝑦1 = 𝒘⊤𝒙1 + 𝒩 0, 𝜎𝑘 , … , 𝑦𝑁 = 𝒘⊤𝒙𝑁 + 𝒩 0, 𝜎𝑘

• 𝒟 = 𝒙1, 𝑦1 , … , 𝒙𝑁 , 𝑦𝑁

BayesRisk𝜋 = inf
𝒜

𝔼
𝜋

1

2
𝒜 𝒟 𝒙𝑁+1 − 𝑦𝑁+1

2

• Optimal 𝒜 = mixture of RidgeRegression 𝜆𝑘 =
𝑑𝜎𝑘

2

𝑁
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Mechanism: Post-ICL algorithm selection

• Example: Noisy linear models with mixed noise levels

• Thm: TF with 𝑂 log 𝑁  layers, 𝑂(𝐾) heads outputs ො𝑦𝑁+1 s.t.

𝔼
𝜋

1

2
ො𝑦𝑁+1 − 𝑦𝑁+1

2 ≤ BayesRisk𝜋 + 𝑂
3 log 𝐾

𝑁

• Akyürek et al. [ICLR’23]:

Empirical: TFs achieve nearly-optimal risk under any fixed 𝜎

• This theorem: Single TF can achieve nearly-optimal Bayes risk

under a mixture of 𝐾 noise levels
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Mechanism: Pre-ICL testing

Objective: select algorithm before learning in context
• Distinguish regression/scalar labels from binary labels

Theorem: exists TF with 𝑂 log
1

𝜖
 layers such that:

• If 𝑦𝑖 ’s are in 0,1 :

• Outputs ො𝑦𝑁+1 that 𝜖-approximates logistic regression

• Otherwise, outputs ො𝑦𝑁+1 that 𝜖-approximates least squares
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Outline

1. Theory

2. Empirics
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Experiments

12-layer transformer

“Base mode” setup: 𝑑 = 20, 𝒙𝑖 ∼ 𝒩 𝟎, 𝐼𝑑

• Linear model: 𝒘 ∼ 𝒩 𝟎,
1

𝑑
𝐼𝑑 , 𝑦𝑖 = 𝒘⊤𝒙𝑖

• Noisy linear model: 𝒘 ∼ 𝒩 𝟎,
1

𝑑
𝐼𝑑 , 𝑦𝑖 = 𝒘⊤𝒙𝑖 + 𝒩 0, 𝜎

• Experiments: 𝜎 ∈ 𝜎1, 𝜎2 = 0.1, 0.5

• Sparse: 𝒘 sampled from prior supported on 𝑤 0 ≤ 𝑠, 𝑦𝑖 = 𝒘⊤𝒙𝑖

• Experiments: 𝑠 = 3

• Linear classification model: 𝒘 ∼ 𝒩 𝟎,
1

𝑑
𝐼𝑑 , 𝑦𝑖 = sign 𝒘⊤𝒙𝑖
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TFs approximately match best baselines
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Experiments

“Mixture mode” setup: mixture of 2+ base modes
• Linear model + linear classification model

• Noisy linear model with noise levels 𝜎 ∈ 0.1, 0.25, 0.5, 1

TF trained/evaluated on multiple base modes simultaneously
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TF approaches Bayes risk on both tasks
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TF nearly matches the best baseline

Regression Classification
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Summary

Core idea: Transformers act as adaptive statistical learners
• Represent and execute many standard ML algorithms

• TFs choose which algorithm fits the observed data

• Adapt automatically to task characteristics (e.g., noise, sparsity)

Mechanisms enabling selection:
• Post-ICL validation:

Compare candidate predictors on held-out examples

• Pre-ICL testing:

 Identify task type before learning (e.g., regression vs classification)
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