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Abstract
Algorithms from diverse domains often have tunable parameters that control performance
metrics such as solution quality, runtime, and memory usage. Typically, the optimal setting
depends intimately on the application domain at hand. Hand-tuning parameters is often
tedious, time-consuming, and error-prone, so a burgeoning line of research has studied automated algorithm configuration via machine learning, where a training set of typical problem
instances from the application at hand is used to find high-performing parameter settings.
In this thesis, we help develop the theory and practice of automated algorithm configuration. We investigate both statistical and algorithmic questions. For example, how large
should the training set be to ensure that an algorithm’s average performance over the training
set is indicative of its future performance on unseen instances? How can we algorithmically
find provably high-performing configurations? As we answer these questions, we analyze
parameterized algorithms from a variety of domains, including:
1. Integer programming. We study branch-and-bound algorithms for integer linear programming, the most widely-used tool for solving combinatorial and nonconvex problems. Beyond answering the algorithmic and statistical questions above, we provide experiments demonstrating that no one parameter setting is optimal across all application
domains, and that tuning parameters using our approach can have a significant impact
on algorithmic performance. We also analyze integer quadratic programming approximation algorithms, which can be used to find nearly-optimal solutions to a variety of
combinatorial problems.
2. Mechanism design. A mechanism is a special type of algorithm that plays a crucial
role in economics and political science. A mechanism’s purpose is to help a set of
rational agents come to a collective decision. In economics, for example, a mechanism
might dictate how a set of items should be split among the agents, given their values
for those items. Mechanisms often have tunable parameters that impact, for example,
their revenue. No one setting is optimal across all mechanism design scenarios. In this
thesis, we analyze sales mechanisms, where the goal is to maximize revenue, and voting
mechanisms, where the goal is to maximize the agents’ total value for the outcome the
mechanism selects.
3. Computational biology. Algorithms from computational biology are often highly parameterized, and understanding which parameter settings are optimal in which scenarios is an active area of research. We analyze parameterized algorithms for several fundamental problems from computational biology, including sequence alignment, RNA
folding, and predicting topologically associating domains in DNA sequences.
The key challenge from both an algorithmic and statistical perspective is that across these
three diverse domains, an algorithm’s performance is an erratic function of its parameters.
This is because a small tweak to the parameters can cause a cascade of changes in the algorithm’s performance. We develop tools for analyzing and optimizing these volatile performance functions, which we use to provide parameter tuning procedures and strong statistical
guarantees.
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List of notation

d

Number of tunable algorithm parameters

ρ

Parameter vector in Rd

P

Set of parameter vectors in Rd

z

Problem instance

Z

Set of problem instances

D

Distribution over problem instances

uρ : Z → R

U

Utility of the algorithm parameterized by ρ as a function of the input problem
instance

Set of all utility functions U = uρ : ρ ∈ P

BA

Set of all functions mapping a set A to a set B
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Chapter 1

Introduction

Algorithms regularly come with tunable parameters that have a significant impact on the algorithm’s solution quality and requisite computational resources. Optimal parameter settings
typically depend closely on the specific application domain at hand. Domain experts often finetune algorithm parameters by hand, but during this time-consuming and tedious search, they
may overlook many high-performing parameter settings.
In this proposal, we study automated algorithm configuration via machine learning, with
broad applications to problems in integer programming, computational biology, and economics.
This automated approach relieves domain experts of this error-prone yet essential task. The
majority of this proposal applies to settings where the domain expert has a set of typical problem
instances from her application domain, also known as a training set. A natural approach is to
select a parameter setting with strong algorithmic performance (for example, solution quality or
runtime) on average over the training set, and then apply that parameter setting to solve future,
unseen problem instances not present in the training set.
The domain expert must be careful, however, when employing this technique: if her set of
training instances is too small, parameters with strong performance on average over the training
set may have poor future performance. This phenomenon, known as “overfitting,” raises the
question:
How many samples are sufficient to ensure that any parameter setting’s average performance
over the training set generalizes to its future performance?
Formally, we assume that both the future problem instances and those in the training set are
independently drawn from the same unknown, application-specific distribution. In Part I of
this proposal, we thoroughly investigate this question of sample complexity, with the chapters
organized as follows.
Chapter 3: Integer linear programming algorithms. We begin by analyzing branch-and-bound
algorithms for solving integer linear programs. Branch-and-bound algorithms are used under the hood by popular commercial solvers such as CPLEX and Gurobi. These algorithms
have many tunable parameters that can have an enormous effect on the size of the search
tree the algorithm builds before it finds an optimal solution. Along with sample complexity
guarantees, we present experiments demonstrating that no one parameter setting is optimal
across all application domains, so our machine learning approach can significantly improve
tree size.
Chapter 4: Integer quadratic programming algorithms. We next analyze approximation algorithms for finding nearly-optimal solutions to integer quadratic programs (IQPs). These
algorithms can be used to find approximate solutions to, for example, the canonical maxcut and max 2SAT problems.
6

Chapter 5: Computation biology algorithms. We study algorithm configuration for a variety of
computational biology algorithms. We begin by analyzing sequence alignment algorithms,
which are used, for example, to uncover similarities between multiple DNA, RNA, or protein sequences. We also analyze RNA folding algorithms, which predict how an input RNA
strand would naturally fold, offering insight into the RNA molecule’s function. Finally,
we study algorithms for predicting topologically associating domains in DNA sequences,
which shed light on how the input DNA sequence wraps into three-dimensional structures
that influence genome function.
Chapter 6: Mechanism design. In this chapter, we study a specific type of algorithm—called a
mechanism—used to help rational agents come to collective decisions. For example, mechanisms can be used to help a seller decide how to split a set of items for sale among a set of
buyers, and what those buyers should pay. We analyze mechanisms for selling items as well
as mechanisms for voting. Mechanisms typically come with a variety of tunable parameters which affect, for example, the mechanism’s revenue. We provide sample complexity
bounds for tuning these mechanism parameters.
Chapter 7: A general theory of sample complexity for algorithm configuration. When analyzing the diverse algorithm families in Chapters 3-6, we notice a key structure that links all of
them and is at the root of our sample complexity analyses: for any fixed problem instance,
algorithmic performance is a piecewise-structured function of the algorithm’s parameters
(for example, it is piecewise-constant or -linear). In this chapter, we formalize this structure, and provide a general theorem that recovers our sample complexity guarantees from
Chapters 3-6.
Chapter 8: Data-dependent guarantees. In this chapter, we provide data-dependent sample guarantees (as opposed to the results in the previous chapters, which hold for worst-case distributions over problem instances). We instantiate our guarantees in the context of integer
linear programming algorithm configuration, the focus of Chapter 3.
Chapter 9: Estimating approximate incentive compatibility. We conclude Part I by providing
additional tools that can be used in the context of economic mechanism design via machine
learning (the focus of Chapter 6). Namely, we show how to estimate to what extent an
agent is incentivized to behave strategically under a variety of mechanisms, and provide
sample complexity guarantees.
In Part II, we move on to providing machine learning procedures for algorithm configuration.
We investigate the fundamental question of how to find an algorithm configuration with provably
strong performance.
Chapter 10: Batch learning algorithms. A recent line of research [109, 110, 185, 186] provides
algorithms that return nearly-optimal parameter settings from within a finite set. These
algorithms can be used when the parameter space is infinite by providing as input a random
sample of parameter settings. This data-independent discretization, however, might miss
pockets of nearly-optimal parameter settings. We provide an algorithm that learns a finite
set of promising parameter settings from within an infinite set. Our algorithm can help
compile a configuration portfolio, or it can be used to select the input to a configuration
algorithm for finite parameter spaces.
7

Chapter 11: Beyond batch learning. In the final chapter of this proposal, we analyze an online
algorithm design model. In this model, the algorithm encounters a sequence of computational problems that are similar but not necessarily drawn from a fixed distribution (unlike
the previous chapters). Running a standard algorithm with worst-case runtime guarantees on each instance would fail to take advantage of valuable structure shared across the
problem instances. For example, when a commuter drives from work to home, there are
typically only a handful of routes that will ever be the shortest path. A naı̈ve algorithm
that does not exploit this common structure may spend most of its time checking roads that
will never be in the shortest path. More generally, we can often ignore large swaths of the
search space that will likely never contain an optimal solution. We present an algorithm
that learns to prune the search space on repeated computations, thereby reducing runtime
while provably outputting the correct solution each period with high probability.

1.1 Related research
Machine learning as a tool for algorithm configuration has been studied extensively in prior
research, primarily from an applied perspective [98, 101, 104, 171]. In contrast, we are particularly
focused on providing practical algorithm configuration tools with provable guarantees. Gupta
and Roughgarden [89] introduced the batch learning approach of algorithm configuration to the
theoretical computer science community, and we adopt their model throughout the majority of
this proposal.
In a related theoretical direction, Sayag et al. [176] studied a model where there are multiple algorithms capable of computing a correct solution to a given computational problem, but
with different costs. The user can run multiple algorithms until one terminates with the correct
solution. Given a training set of problem instances, the authors show how to efficiently learn a
schedule with nearly optimal expected cost. In other words, they provide theoretical guarantees
for configuring the schedule using the same model that we adopt.
In several of the specific domains we study, there is existing research that analyzes automated parameter tuning in that particular area. This is the case in integer linear programming
(Chapter 3), computational biology (Chapter 5), and mechanism design (Chapter 6). In those
corresponding chapters, we highlight this related research.
The results in this proposal are related in spirit to the field of meta-learning and hyperparameter optimization in machine learning [e.g., 79, 125, 181]. That direction is focused on automating
parameter tuning for highly-parameterized machine learning algorithms, such as deep learning
models. Unlike the results in this proposal, the vast majority of this literature is empirical. Moreover, across the domains we study, algorithmic performance as a function of the parameters has
sharp discontinuities; a small shift of the parameters can cause a cascade of changes in the algorithm’s behavior. This behavior is unlike well-understood functions in machine learning theory,
so we require new tools to provide strong guarantees.
Finally, a related line of research has designed algorithms that are aided by “machine learned
advice” [99, 115, 135, 141, 160]. In essence, these algorithms use machine learning to make predictions about structural aspects of the input. If the prediction is accurate, the algorithm’s performance (for example, its error or runtime) is superior to the best-known worst-case algorithm,
and if the prediction is incorrect, the algorithm performs as well as that worst-case algorithm.

8

Part I

Sample complexity guarantees
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Chapter 2

Notation and learning-theoretic tools

In Part I of this proposal, we provide sample complexity guarantees for algorithm configuration.
Throughout the proposal, we will analyze algorithms parameterized by some set P ⊆ Rd of
vectors. We use the notation Z to denote the set of problem instances the algorithm may take
as input. For example, Z might consists of integer programs, if we are configuring an integer
programming solver. For every parameter vector ρ ∈ P , there is a utility function uρ : Z → R
that measures, abstractly, the performance of the algorithm parameterized by ρ given an input
z ∈ Z . For example, uρ might
measure runtime, the quality of the algorithm’s output, and so on.

We use the notation U = uρ : ρ ∈ P to denote the set of all utility functions.
We assume there is an unknown distribution D over problem instances in Z . For example, D might represent the integer programs an airline must solve on a day-to-day basis. The
configuration procedure does not know D , but it can sample from D .
Throughout Part I, we bound the number of samples sufficient to learn a parameter vector
with high expected utility over D . A sample complexity guarantee for the function class U
bounds the number of samples sufficient to ensure that for any function in U , its expected value
over an arbitrary distribution is close to its average value over a set of points sampled from that
distribution. More formally, a sample complexity bound is a function NU : R>0 × (0, 1) → N
together with a guarantee that for any δ ∈ (0, 1) and e > 0, with probability 1 − δ over the draw
of N ≥ NU (e, δ) samples z1 , . . . , z N0 ∼ D , for all parameter vectors ρ ∈ P ,
1
N

N

E
∑ uρ (zi ) − z∼D



uρ (z)



≤ e.

(2.1)

i =1

This is also known as a uniform convergence bound because Equation (2.1) holds uniformly across
all parameter vectors ρ ∈ P .
If uniform convergence holds, it is well-known that the empirically optimal parameter vector
is nearly optimal in expectation as well. Specifically, given a set of samples S ∼ D N , let ρ̂ =
argmaxρ∈P ∑z∈S uρ (z). With probability at least 1 − δ over the draw of N ≥ NU (e, δ) samples,




maxρ∈P Ez∼D uρ (z) − Ez∼D uρ̂ (z) ≤ 2e.
At a high level, the specific form of NU (e, δ) depends on the intrinsic complexity of the class U .
There are a variety of well-studied tools for quantifying a class’s intrinsic complexity, including
pseudo-dimension and Rademacher complexity, which we define below, adapting the notation
from our setting. Generally speaking, these tools measure how well functions in U are able to fit
complex patterns over many domain elements in Z . Classic results from learning theory provide
sample complexity bounds in terms of pseudo-dimension and Rademacher complexity.

2.1 Pseudo-dimension
Pseudo-dimension [159] is a well-studied learning-theoretic tool used to measure the complexity of a function class. To formally define pseudo-dimension, we first introduce the notion of
10

shattering, which is a fundamental concept in machine learning theory.
Definition 2.1.1 (Shattering). Let U be a set of functions mapping Z to R. Let S = {z1 , . . . , z N }
be a subset of Z and let t1 , . . . , t N ∈ R be a set of targets. We say that t1 , . . . , t N witness the
shattering of S by U if for all subsets T ⊆ S , there exists some parameter vector ρ ∈ P such that
for all elements zi ∈ T, uρ (zi ) ≤ ti and for all zi 6∈ T, uρ (zi ) > ti .
Definition 2.1.2 (Pseudo-dimension [159]). Let U be a set of functions mapping Z to R. Let
S ⊆ Z be a largest set that can be shattered by U . Then Pdim(U ) = |S|.
When U is a set of binary-valued functions mapping Z to {0, 1}, the pseudo-dimension of U
is more commonly referred to as the VC-dimension of U , which we denote as VCdim(U ) [182].
Theorem 2.1.3 provides generalization bounds in terms of pseudo-dimension.
Theorem 2.1.3 ([159]). Let U be a set of functions mapping Z to an interval [− H, H ] and let dU be the
pseudo-dimension of U . For any δ ∈ (0, 1) and any distribution D over Z , with probability at least 1 − δ
over the draw of N samples z1 , . . . , z N ∼ D , for any parameter vector ρ ∈ P , the difference between the
average value of uρ over the samples and the expected value of uρ is bounded as follows:
s 
!


1 N
1
1
dU + ln
.
u ρ ( zi ) − E u ρ ( z ) = O H
N i∑
N
δ
z∼D
=1
 2

Said another way, for any e > 0, let NU (e, δ) := Θ He2 dU + ln 1δ . With probability 1 − δ
over the draw of N ≥ NU (e, δ) samples z1 , . . . , z N ∼ D , for all parameter vectors ρ ∈ P , the difference between the average value of uρ over the samples and the expected value of uρ is at most e:


N
1
≤ e.
N ∑i =1 uρ ( zi ) − Ez∼D uρ ( z )
Pseudo-dimension is a tool for providing worst-case sample complexity bounds: the definition of pseudo-dimension does not depend on the underlying distribution, and Theorem 2.1.3
holds for any worst-case distribution over the domain.

2.2 Rademacher complexity
Rademacher complexity [31, 113] is another learning-theoretic tool used to measure the complexity of a function class. Unlike pseudo-dimension, Rademacher complexity is a data-dependent
quantity: it is a measurement that depends on both the function class U and the set S ⊆ Z of
samples. Rademacher complexity intuitively measures the extent to which functions in a class U
match random noise vectors σ ∈ {−1, 1} N .
Definition 2.2.1 (Rademacher complexity). The empirical Rademacher complexity
of the function
h
i
1
b
class U given a set S = {z1 , . . . , z N } ⊆ Z is RS (U ) = N Eσ ∼{−1,1} N supρ∈P ∑iN=1 σi uρ (zi ) ,
where each σi equals −1 or 1 with equal probability.
Classic learning-theoretic results provide guarantees based on Rademacher complexity, such
as the following.
Theorem 2.2.2 (e.g., Mohri et al. [143]). Let U be a set of functions mapping Z to [− H, H ]. For any
δ ∈ (0, 1), with probability 1 − δ over the draw of N samples
S = { z1 , . . . , z N 
} ∼ D N , for all parameter

q


vectors ρ ∈ P , N1 ∑iN=1 uρ (zi ) − Ea∼D uρ (z) = O RbS (U ) + H N1 ln 1δ .
11

Pseudo-dimension can be used to provide a worst-case upper bound on a class’s Rademacher
complexity.
Theorem 2.2.3 ([159]). Let U be a set
 of functions mapping Z to [− H, H ]. For any set of samples
q
(U )
S ∼ D N , RbS (U ) = O H Pdim
.
N
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Chapter 3

Integer linear programming algorithms

In this chapter, we study the configuration of tree search algorithms. These algorithms are the
most widely used tools for solving combinatorial and nonconvex problems throughout artificial
intelligence, operations research, and beyond (e.g., [164, 188]). For example, branch-and-bound
(B&B) algorithms [119] solve mixed integer linear programs (MILPs), and thus have diverse
applications.
A tree search algorithm systematically partitions the search space to find an optimal solution.
The algorithm organizes this partition via a tree: the original problem is at the root and the
children of a given node represent the subproblems formed by partitioning the feasible set of the
parent node. A branch is pruned if it is infeasible or it cannot produce a better solution than
the best one found so far by the algorithm. Typically the search space is partitioned by adding
an additional constraint on some variable. For example, suppose the feasible set is defined by
the constraint Ax ≤ b, with x ∈ {0, 1}n . A tree search algorithm might partition this feasible
set into two sets, one where Ax ≤ b, x [1] = 0, and x [2], . . . , x [n] ∈ {0, 1}, and another where
Ax ≤ b, x [1] = 1, and x [2], . . . , x [n] ∈ {0, 1}, in which case the algorithm has branched on x [1].
A crucial question in tree search algorithm design is determining which variable to branch on at
each step. An effective variable selection policy can have a tremendous effect on the size of the
tree. Currently, there is no known optimal strategy and the vast majority of existing techniques
are backed only by empirical comparisons. In the worst-case, finding an approximately optimal
branching variable, even at the root of the tree alone, is NP-hard. This is true even in the case of
satisfiability, which is a special case of constraint satisfaction and of MILP [126].
In this chapter, rather than attempt to characterize a branching strategy that is universally optimal, we show empirically and theoretically that it is possible to learn high-performing branching strategies for a given application domain. We model an application domain as a distribution
over problem instances, such as a distribution over scheduling problems that an airline solves
on a day-to-day basis. The algorithm designer does not know the underlying distribution over
problem instances, but has sample access to the distribution. We show how to use samples from
the distribution to learn a variable selection policy that will result in as small a search tree as
possible in expectation over the underlying distribution.
Our learning algorithm adaptively partitions the parameter space of the variable selection
policy into regions where for any parameter in a given region, the resulting tree sizes across
the training set are invariant. The learning algorithm returns the empirically optimal parameter over the training set, and thus performs empirical risk minimization (ERM). We prove that
the adaptive nature of our algorithm is necessary: performing ERM over a data-independent discretization of the parameter space can yield terrible results. In particular, for any discretization of
the parameter space, we provide an infinite family of distributions over MILP instances such that
every point in the discretization results in a B&B tree with exponential size in expectation, but
there exist infinitely-many parameters outside of the discretized points that result in a tree with
constant size with probability 1. A small change in parameters can thus cause a drastic change
in the algorithm’s behavior. This fact contradicts conventional wisdom. For example, SCIP, the
13

best open-source MILP solver, sets one of the parameters we investigate to 5/6, regardless of the
input MILP’s structure. Achterberg [2] wrote that 5/6 was empirically optimal when compared
against four other data-independent values. In contrast, our analysis shows that a data-driven
approach to parameter tuning can have an enormous benefit.
We present the first sample complexity guarantees for automated configuration of tree search
algorithms. We provide worst-case bounds proving that a surprisingly small number of samples
are sufficient for strong learnability guarantees: the sample complexity bound grows quadratically in the size of the problem instance, despite the complexity of the algorithms we study.
In our experiments section, we show that on many datasets based on real-world NP-hard
problems, different parameters can result in B&B trees of vastly different sizes. Using an optimal
parameter setting for one distribution on problems from a different distribution can lead to a
dramatic tree size blowup.
The results in this section are joint work with Nina Balcan, Travis Dick, and Tuomas Sandholm. Our existing results appeared in ICML 2018 [21].

3.1 Related research
Several works have studied the use of machine learning techniques in the context of B&B; for an
overview, see the summary by Lodi and Zarpellon [132].
As in this work, Khalil et al. [107] study variable selection policies. Their goal is to find a
variable selection strategy that mimics the behavior of the classic branching strategy known as
strong branching while running faster than strong branching. Alvarez et al. [8] study a similar
problem, although in their work, the feature vectors in the training set describe nodes from
multiple MILP instances. Neither of these works come with any theoretical guarantees, unlike
our work.
Several other works study data-driven variable selection from a purely experimental perspective. Di Liberto et al. [66] devise an algorithm that learns how to dynamically switch between
different branching heuristics along the branching tree. Karzan et al. [106] propose techniques for
choosing problem-specific branching rules based on a partial B&B tree. Ideally, these branching
rules will choose variables that will lead to fast fathoming. They do not rely on any techniques
from machine learning. In the context of CSP tree search, Xia and Yap [190] apply existing multiarmed bandit algorithms to learning variable selection policies during tree search and Balafrej
et al. [17] use a bandit approach to select different levels of propagation during search.
Other works have explored the use of machine learning techniques in the context of other
aspects of B&B beyond variable selection. For example, He et al. [95] use machine learning to
speed up branch-and-bound, focusing on speeding up the node selection policy. Their work does
not provide any learning-theoretic guarantees. Other works that have studied machine learning
techniques for branch-and-bound problems other than variable selection include Sabharwal et al.
[165], who also study how to devise node selection policies, Hutter et al. [101], who study how
to set CPLEX parameters, Kruber et al. [117], who study how to detect decomposable model
structure, and Khalil et al. [108], who study how to determine when to run heuristics.
From a theoretical perspective, Le Bodic and Nemhauser [123] present a theoretical model for
the selection of branching variables. It is based upon an abstraction of MIPs to a simpler setting
in which it is possible to analytically evaluate the dual bound improvement of choosing a given
variable. Based on this model, they present a new variable selection policy which has strong
performance on many MIPLIB instances. Unlike our work, this paper is unrelated to machine
learning.
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3.2 Tree search
Tree search is a broad family of algorithms with diverse applications. To exemplify the specifics
of tree search, we present a vast family of NP-hard problems — (mixed) integer linear programs
— and describe how tree search finds optimal solutions to problems from this family. Later on
in Section 3.5, we provide another example of tree search for constraint satisfaction problems.

3.2.1

Mixed integer linear programs

We study mixed integer linear programs (MILPs) where the objective is to maximize c> x subject to
Ax ≤ b and where some of the entries of x are constrained to be in {0, 1}. Given a MILP z, we
denote an optimal solution to the LP relaxation of z as x̆z = ( x̆z [1], . . . x̆z [n]). Throughout this
chapter, given a vector a, we use the notation a[i ] to denote the ith component of a. We also use
the notation c̆z to denote the optimal objective value of the LP relaxation of z. In other words,
c̆z = c> x̆z .
Example 3.2.1 (Winner determination). Suppose there is a set {1, . . . , m} of items for sale and
a set {1, . . . , n} of buyers. In a combinatorial auction, each buyer i submits bids vi (b) for any
number of bundles b ⊆ {1, . . . , m}. The goal of the winner determination problem is to allocate
the goods among the bidders so as to maximize social welfare, which is the sum of the buyers’
values for the bundles they are allocated. We can model this problem as a MILP by assigning a
binary variable xi,b for every buyer i and every bundle b they submit a bid vi (b) on. The variable
xi,b is equal to 1 if and only if buyer i receives the bundle b. Let Bi be the set of all bundles b
that buyer i submits a bid on. An allocation is feasible if it allocates no item more than once
(∑in=1 ∑b∈ Bi ,j3b xi,b ≤ 1 for all j ∈ {1, . . . , m}) and if each bidder receives at most one bundle
(∑b∈ Bi xi,b ≤ 1 for all i ∈ {1, . . . , n}). Therefore, the MILP is:
maximize ∑in=1 ∑b∈ Bi vi (b) xi,b
s.t.
∑in=1 ∑b∈ Bi ,j3b xi,b ≤ 1 ∀ j ∈ [m]
∀i ∈ [ n ]
∑b∈ Bi xi,b ≤ 1
xi,b ∈ {0, 1}
∀i ∈ [n], b ∈ Bi .
MILP tree search
MILPs are typically solved using a tree search algorithm called branch-and-bound (B&B). Given a
MILP problem instance, B&B relies on two subroutines that efficiently compute upper and lower
bounds on the optimal value within a given region of the search space. The lower bound can be
found by choosing any feasible point in the region. An upper bound can be found via a linear
programming relaxation. The basic idea of B&B is to partition the search space into convex sets
and find upper and lower bounds on the optimal solution within each. The algorithm uses these
bounds to form global upper and lower bounds, and if these are equal, the algorithm terminates,
since the feasible solution corresponding to the global lower bound must be optimal. If the global
upper and lower bounds are not equal, the algorithm refines the partition and repeats.
In more detail, suppose we want to use B&B to solve a MILP z0 . B&B iteratively builds a
search tree T with the original MILP z0 at the root. In the first iteration, T consists of a single
node containing the MILP z0 . At each iteration, B&B uses a node selection policy (which we expand
on later) to select a leaf node of the tree T , which corresponds to a MILP z. B&B then uses a
variable selection policy (which we expand on in Section 3.2.1) to choose a variable x [i ] of the MILP
z to branch on. Specifically, let zi+ (resp., zi− ) be the MILP z except with the additional constraint
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Algorithm 1 Branch and bound
Input: A MILP instance z0 .
1: Let T be a tree that consists of a single node containing the MILP z0 .
2: Let c∗ = −∞ be the objective value of the best-known feasible solution.
3: while there remains an unfathomed leaf in T do
4:
Use a node selection policy to select a leaf of the tree T , which corresponds to a MILP z.
5:
Use a variable selection policy to choose a variable x [i ] of the MILP z to branch on.
6:
Let zi+ (resp., zi− ) be the MILP z except with the constraint that x [i ] = 1 (resp., x [i ] = 0).
7:
Set the right
left) child of z in T to be a node containing the MILP zi+ (resp., zi− ).
 + (resp.,
8:
for z̃ ∈ zi , zi− do
9:
if the LP relaxation of z̃ is feasible then
10:
Let x̆z̃ be an optimal solution to the LP and let c̆z̃ be its objective value.
11:
if the vector x̆z̃ satisfies the constraints of the original MILP z0 then
12:
Fathom the leaf containing z̃.
13:
if c∗ < c̆z̃ then
14:
Set c∗ = c̆z̃ .
15:
else if x̆z̃ is no better than the best known feasible solution, i.e., c∗ ≥ c̆z̃ then
16:
Fathom the leaf containing z̃.
17:
18:

else
Fathom the leaf containing z̃.

that x [i ] = 1 (resp., x [i ] = 0). B&B sets the right (resp., left) child of z in T to be a node containing
the MILP zi+ (resp., zi− ). B&B then tries to “fathom” these leafs: the leaf containing zi+ (resp., zi− )
is fathomed if:
1. The optimal solution to the LP relaxation of zi+ (resp., zi− ) satisfies the constraints of the
original MILP z0 .
2. The relaxation of zi+ (resp., zi− ) is infeasible, so zi+ (resp., zi− ) must be infeasible as well.
3. The objective value of the LP relaxation of zi+ (resp., zi− ) is smaller than the objective value
of the best known feasible solution, so the optimal solution to zi+ (resp., zi− ) is no better
than the best known feasible solution.
B&B terminates when every leaf has been fathomed. It returns the best known feasible solution,
which is optimal. See Algorithm 1 for the pseudocode.
The most common node selection policy is the best bound policy. Given a B&B tree, it selects
the unfathomed leaf containing the MILP z with the maximum LP relaxation objective value.
Another common policy is the depth-first policy, which selects the next unfathomed leaf in the
tree in depth-first order.
Example 3.2.2. In Figure 3.1, we show the search tree built by B&B given as input the following
MILP [112]:
maximize 40x [1] + 60x [2] + 10x [3] + 10x [4] + 3x [5] + 20x [6] + 60x [7]
subject to 40x [1] + 50x [2] + 30x [3] + 10x [4] + 10x [5] + 40x [6] + 30x [7] ≤ 100
x [1], . . . , x [7] ∈ {0, 1}.
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(3.1)

Figure 3.1: Illustration of Example 3.2.2.

Each rectangle denotes a node in the B&B tree. Given a node z, the top portion of its rectangle
displays the optimal solution x̆z to the LP relaxation of z, which is the MILP (3.1) with the
additional constraints labeling the edges from the root to z. The bottom portion of the rectangle
corresponding to z displays the objective value c̆z of the optimal solution to this LP relaxation,
i.e., c̆z = (40, 60, 10, 10, 3, 20, 60) · x̆z . In this example, the node selection policy is the best bound
policy and the variable selection policy selects the “most fractional” variable: the variable x [i ]
such that x̆z [i ] is closest to 21 , i.e., i = argmax {min {1 − x̆z [i ], x̆z [i ]}}.
In Figure 3.1, the algorithm first explores the root. At this point, it has the option of exploring
either the left or the right child. Since the optimal objective value of the right child (136) is
greater than the optimal objective value of the left child (135), B&B will next explore the pink
node (marked 1 ). Next, B&B can either explore either of the pink node’s children or the orange
node (marked 2 ). Since the optimal objective value of the orange node (135) is greater than
the optimal objective values of the pink node’s children (120), B&B will next explore the orange
node. After that B&B can explore either of the orange node’s children or either of the pink node’s
children. The optimal objective value of the green node (marked 3 ) is higher than the optimal
objective values of the orange node’s right child (116) and the pink node’s children (120), so
B&B will next explore the green node. At this point, it finds an integral solution, which satisfies
all of the constraints of the original MILP (3.1). This integral solution has an objective value of
133. Since all of the other leafs have smaller objective values, the algorithm cannot find a better
solution by exploring those leafs. Therefore, the algorithm fathoms all of the leafs and terminates.
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Variable selection in MILP tree search
Variable selection policies typically depend on a real-valued score per variable x [i ].
Definition 3.2.3 (Score-based variable selection policy). Let score be a deterministic function that
takes as input a partial search tree T , a leaf z of that tree, and an index i and returns a real value
(score(T , z, i ) ∈ R). For a leaf z of a tree T , let NT ,z be the set of variables that have not yet
been branched on along the path from the root of T to z. A score-based variable selection policy
selects the variable argmaxx[ j]∈ NT ,z {score(T , z, j)} to branch on at the node z.
We list several common definitions of the function score below. Recall that for a MILP z
with objective function c · x, we denote an optimal solution to the LP relaxation of z as x̆z =
( x̆z [1], . . . x̆z [n]). We also use the notation c̆z to denote the objective value of the optimal solution
to the LP relaxation of z, i.e., c̆z = c> x̆z . Finally, we use the notation zi+ (resp., zi− ) to denote the
MILP z with the additional constraint that x [i ] = 1 (resp., x [i ] = 0). If zi+ (resp., zi− ) is infeasible,
then we set c̆z − c̆z+ (resp., c̆z − c̆z− ) to be some large number greater than ||c||1 .
i

i

Most fractional. In this case, score(T , z, i ) = min {1 − x̆z [i ], x̆z [i ]} . The variable that maximizes
score(T , z, i ) is the “most fractional” variable, since it is the variable such that x̆z [i ] is closest to 21 .
n
o
Linear scoring rule [130]. In this case, score(T , z, i ) = (1 − ρ) · max c̆z − c̆z+ , c̆z − c̆z− + ρ ·
i
i
n
o
min c̆z − c̆z+ , c̆z − c̆z− where ρ ∈ [0, 1] is a user-specified parameter. This parameter balances an
i
i
“optimistic” and a “pessimistic” approach
to branching:
An optimistic approach would choose
n
o
the variable that maximizes max c̆z − c̆z+ , c̆z − c̆z− , which corresponds to ρ = 0, and a pesi
i
n
o
simistic approach would choose the variable that maximizes min c̆z − c̆z+ , c̆z − c̆z− , which cori
i
responds to ρ = 1.
n
o
n
o
Product scoring rule [2]. In this case, score(T , z, i ) = max c̆z − c̆z− , γ · max c̆z − c̆z+ , γ
i

i

where γ = 10−6 . Comparing c̆z − c̆z− and c̆z − c̆z+ to γ allows the algorithm to compare two
i
i
variables even if c̆z − c̆z− = 0 or c̆z − c̆z+ = 0. After all, suppose the scoring rule simply calcui
i

 

lated the product c̆z − c̆z− · c̆z − c̆z+ without comparing to γ. If c̆z − c̆z− = 0, then the score
i
i
i
equals 0, canceling out the value of c̆z − c̆z+ and thus losing the information encoded by this
i
difference.
Entropic lookahead scoring rule [82]. Let
(
− x log2 ( x ) − (1 − x ) log2 (1 − x )
e( x ) =
0

if x ∈ (0, 1)
if x ∈ {0, 1}.





Set score(T , z, i ) = − ∑nj=1 (1 − x̆z [i ]) · e x̆z− [ j] + x̆z [i ] · e x̆z+ [ j] .
i

i

Alternative definitions of the linear and product scoring rules. In practice, it is often too
slow to compute the differences c̆z − c̆z− and c̆z − c̆z+ for every variable, since it requires solvi
i
ing as many as 2n LPs. A faster option is to partially solve the LP relaxations of zi− and zi+ ,
18

starting at x̆z and running a small number of simplex iterations. Denoting the new objective values as c̃z− and c̃z+ , we can revise the linear scoring rule to be score(T , z, i ) = (1 − ρ) ·
i
n
o i
n
o
+
−
+
−
max c̆z − c̃z , c̆z − c̃z + ρ · min c̆z − c̃z , c̆z − c̃z
and we can revise the product scoring rule
i
i
i
n
o i n
o
to be score(T , z, i ) = max c̆z − c̃z− , γ · max c̆z − c̃z+ , γ . Other popular alternatives to computi
i
ing c̆z− and c̆z+ that fit within our framework are pseudo-cost branching [33, 81, 130] and reliability
i
i
branching [3].

3.3 Guarantees for data-driven learning to branch
In this section, we begin with our formal problem statement. We then present worst-case distributions over MILP instances demonstrating that learning over any data-independent discretization
of the parameter space can be inadequate. Finally, we present sample complexity guarantees and
a learning algorithm. Throughout the remainder of this chapter, we assume that all aspects of
the tree search algorithm except the variable selection policy, such as the node selection policy,
are fixed.

3.3.1

Problem statement

Let Z be the set of all binary MILPs with at most n variables, for some integer n. Let D be a
distribution over Z . For example, D could be a distribution over clustering problems a biology
lab solves day to day, formulated as MILPs. Let score1 , . . . , scored be a fixed set of variable
selection scoring rules, such as those in Section 3.2.1. Our goal is to learn a convex combination
ρ1 score1 + · · · + ρd scored of the scoring rules that is nearly optimal in expectation over D . More
formally, let uρ be an abstract utility function that takes as input a problem instance z and returns
some measure of the quality of B&B using the scoring rule ρ1 score1 + · · · + ρd scored on input z.
For example, uρ (z) might be zero minus the size of the tree B&B builds (in line with Chapter 2,
since our goal is to maximize utility, thiswould mean we would minimize tree size). Our goal is
to bound the pseudo-dimension of U = uρ : ρ ∈ [0, 1]d .
Our results hold for utility functions that are tree-constant, which means that for any problem
instance z, so long as the scoring rules ρ1 score1 + · · · + ρd scored and ρ10 score1 + · · · + ρ0d scored result
in the same search tree, uρ (z) = uρ0 (z). For example, the size of the search tree is tree-constant.

3.3.2

Impossibility results for data-independent approaches

In this section, we focus on MILP tree search and prove that it is impossible to find a nearly optimal B&B configuration usingna data-independent
Specifically,
o
o discretization of the parameters.
n
suppose score1 (T , z, i ) = min c̆z − c̆z+ , c̆z − c̆z−
i

i

and score2 (T , z, i ) = max c̆z − c̆z+ , c̆z − c̆z−
i

i

and suppose the utility function uρ (z) equals zero minus the size of the tree produced by B&B
when using a fixed but arbitrary node selection policy. We would like to learn a nearly optimal
convex combination ρscore1 + (1 − ρ)score2 of these two rules with respect to this utility function. Gauthier and Ribière [81] proposed setting ρ = 1/2, Bénichou et al. [33] and Beale [32]
suggested setting ρ = 1, and Linderoth and Savelsbergh [130] found that ρ = 2/3 performs
well. Achterberg [2] found that experimentally, ρ = 5/6 performed best when comparing among
ρ ∈ {0, 1/2, 2/3, 5/6, 1}.
We show that for any discretization of the parameter space [0, 1], there exists an infinite family
of distributions over MILP problem instances such that for any parameter in the discretization,
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the expected tree size is exponential in n. Yet, there exists an infinite number of parameters such
that the tree size is just a constant (with probability 1).
Theorem 3.3.1. For every a, b such that 31 < a < b < 21 and for all even n ≥ 6, there exists an infinite
family of distributions D over MILP instances with n variables such that if ρ ∈ [0, 1] \ ( a, b), then




(n−9)/4
E uρ (z) = −Ω 2
z∼D

and if ρ ∈ ( a, b), then with probability 1, uρ (z) = −O(1). This holds no matter which node selection
policy B&B uses.

3.3.3

Sample complexity guarantees


We now bound the pseudo-dimension of the set U = uρ : ρ ∈ [0, 1]d . First, we provide generalization guarantees for a family of scoring rules we call path-wise, which includes many wellknown scoring rules as special cases. In this case, the number of samples is surprisingly small
given the complexity of these problems: it grows only quadratically with the number of variables.
Then, we provide guarantees that apply to any scoring rule, path-wise or otherwise.
Path-wise scoring rules
The guarantees in this section apply broadly to a class of scoring rules we call path-wise scoring
rules. Given a node z in a search tree T , we denote the path from the root of T to the node
z as Tz . The path Tz includes all nodes and edge labels from the root of T to z. For example,
Figure 3.2b illustrates the path Tz from the root of the tree T in Figure 3.2a to the node labeled
z. We now state the definition of path-wise scoring rules.
Definition 3.3.2 (Path-wise scoring rule). The function score is a path-wise scoring rule if for all
search trees T , all nodes z in T , and all variables xi ,
score(T , z, i ) = score(Tz , z, i )

(3.2)

where Tz is the path from the root of T to z.1 See Figure 3.2 for an illustration.
Definition 3.3.2 requires that if the node z appears at the end of the same path in two different
B&B trees, then any path-wise scoring rule must assign every variable the same score with respect
to z in both trees.
Path-wise scoring rules include many well-studied rules as special cases, such as the most
fractional, product, and linear scoring rules, as defined in Section 3.2.1. The same is true when
B&B only partially solves the LP relaxations of zi− and zi+ for every variable x [i ] by running a
small number of simplex iterations, as we describe in Section 3.2.1 and as is our approach in our
experiments. In fact, these scoring rules depend only on the node in question, rather than the
path from the root to the node. We present our sample complexity bound for the more general
class of path-wise scoring rules because this class captures the level of generality the proof holds
for. On the other hand, pseudo-cost branching [33, 81, 130] and reliability branching [3], two widelyused branching strategies, are not path-wise, but our more general results later in this section do
apply to those strategies.
1 Under

this definition, the scoring rule can simulate B&B for any number of steps starting at any point in the tree
and use that information to calculate the score, so long as Equality (3.2) always holds.
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(a) A B&B search tree T .

(b) The path Tz from
the root of the tree T
in Figure 3.2a to the
node labeled z.

(c) Another tree T 0 that has the path Tz as
a rooted subtree.

Figure 3.2: Illustrations to accompany the definition of a path-wise scoring rule (Definition 3.3.2).
If the scoring rule score is path-wise, then for any variable xi , score(T , z, i ) = score(T 0 , z, i ) =
score(Tz , z, i ).
In order to prove our generalization guarantees, we make use of the following key structure
which bounds the number of search trees branch-and-bound will build on a given instance over
the entire range of parameters. In essence, this is a bound on the intrinsic complexity of the
algorithm class defined by the range of parameters, and this bound on algorithm class’s intrinsic
complexity implies strong generalization guarantees.
Lemma 3.3.3. Let score1 and score2 be two path-wise scoring rules and let z be an arbitrary problem
instance over n binary variables. There are T ≤ 2n(n−1)/2 nn intervals I1 , . . . , IT partitioning [0, 1] where
for any interval Ij , across all ρ ∈ Ij , the scoring rule ρscore1 + (1 − ρ)score2 results in the same search
tree.
This lemma implies the following pseudo-dimension bound.
Theorem 3.3.4. The pseudo-dimension of U is O(n2 ).
From Theorem 2.1.3, we know that this pseudo-dimension bound implies the following sample complexity guarantee. Let [− H, H ] be the range
function uρ : Z → [− H, H ].
 2of each utility

H
1
2
For any e > 0 and δ ∈ (0, 1), let NU (e, δ) := Θ e2 n + ln δ . With probability 1 − δ over
the draw of N ≥ NU (e, δ) samples S ∼ D N , for all parameters ρ ∈ [0, 1], the difference between the average value of uρ over the samples and the expected value of uρ is at most e:


1
≤ e.
N ∑z∈S uρ ( z ) − Ez∼D uρ ( z )
General scoring rules
In this section, we provide generalization guarantees that apply to learning convex combinations
of any set of scoring rules. Unlike Theorem 3.3.4, they depend on the size of the search trees B&B
is allowed to build. The following lemma corresponds to Lemma 3.3.3 for this setting.
Lemma 3.3.5. Let score1 , . . . , scored be d arbitrary scoring rules and let z be an arbitrary MILP over n
binary variables. Suppose we limit B&B to producing search trees of size κ̄. There is a set H of at most
n2(κ̄ +1) hyperplanes such that for any connected component R of [0, 1]d \ H, the search tree B&B builds
using the scoring rule ρ1 score1 + · · · + ρd scored is invariant across all (ρ1 , . . . , ρd ) ∈ R.
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This piecewise structure implies the following guarantee.
Theorem 3.3.6. The pseudo-dimension of U is O (d (κ̄ log n + log d)).
In contrast to Theorem
bound implies a sample complexity
 23.3.4, this pseudo-dimension

1
H
bound of NU (e, δ) := Θ e2 d (κ̄ log n + log d) + ln δ . In some ways, this bound is stronger
than that implied by Theorem 3.3.4 since it holds for d-dimension parameters and any arbitrary
set of scoring rules. At the same time, it is weaker in some ways because it depends on the
tree size bound κ̄, whereas the bound implied by Theorem 3.3.4 only depends on the number of
variables n.
Learning algorithm
For the case where we wish to learn the optimal tradeoff between two scoring rules, we provide an algorithm that finds the empirically optimal parameter ρ̂ given a sample of N problem
instances. By our pseudo-dimension bounds, we know that so long as N is sufficiently large, ρ̂
is nearly optimal in expectation. Our algorithm stems from the observation that for any treeconstant utility function and any problem instance z, the dual function u∗z is simple: it is a
piecewise-constant function of ρ with a finite number of pieces. This is the same observation that
we prove in Lemma 3.3.5. Given a sample of N problem instances, our ERM algorithm constructs
all N piecewise-constant functions, takes their average, and finds the minimizer of that function.
In practice, we find that the number of pieces making up this piecewise-constant function is
small, so our algorithm can learn over a training set of many problem instances.

3.4 Experiments
In this section, we show that the parameter of the variable selection rule in B&B algorithms for
MILP can have a dramatic effect on the average tree size generated for several domains, and no
parameter value is effective across the multiple natural distributions.
Experimental setup. We use the C API of IBM ILOG CPLEX 12.8.0.0 to override the default
variable selection rule using a branch callback. Additionally, our callback performs extra bookkeeping to determine a finite set of values for the parameter that give rise to all possible B&B
trees for a given instance (for the given choice of branching rules that our algorithm is learning
to weight). This ensures that there are no good or bad values for the parameter that get skipped;
such skipping could be problematic according to our theory in Section 3.3.2. We run CPLEX
exactly once for each possible B&B tree on each instance. Following prior research by Fischetti
and Monaci [80], Khalil et al. [107], and Karzan et al. [106], we disable CPLEX’s cuts and primal
heuristics, and we also disable its root-node preprocessing. The CPLEX node selection policy is
set to “best bound” (aka. A∗ in AI), which is the most typical choice in MILP. All experiments
are run on a cluster of 64 c3.large Amazon AWS instances.
For each of the following application domains, Figure 3.3 shows the average B&B tree size
produced for each possible value of the ρ parameter for the linear scoring rule, averaged over N
independent samples from the distribution.
Combinatorial auctions. We generate N = 100 instances of the combinatorial auction winner determination problem under the OR-bidding language [169], which makes this problem
equivalent to weighted set packing. The problem is NP-complete. We encode each instance as
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(a) CATS “arbitrary”

(b) CATS “regions”

(d) Linear separators

(c) Facility location

(e) Clustering

Figure 3.3: The average tree size produced by B&B when run with the linear scoring rule with
parameter ρ.
a binary MILP (see Example 3.2.1). We use the Combinatorial Auction Test Suite (CATS) [124]
to generate these instances. We use the “arbitrary” generator with 200 bids and 100 goods and
“regions” generator with 400 bids and 200 goods.
Facility location. Suppose there is a set I of customers and a set J of facilities that have not
yet been built. The facilities each produce the same good, and each consumer demands one unit
of that good. Consumer i can obtain some fraction yij of the good from facility j, which costs
them dij yij . Moreover, it costs f j to construct facility j. The goal is to choose a subset of facilities
to construct while minimizing total cost. We generate N = 500 instances
with 70 facilities and 70

4 and each cost f is uniformly
customers each.
Each
cost
d
is
uniformly
sampled
from
0,
10
ij
j


sampled from 0, 3 · 103 . This distribution has regularly been used to generate benchmark sets
for facility location [5, 82, 84, 97, 111].
Clustering. Given m points P = { p1 , . . . , pm } and pairwise distances d( pi , p j ) between each
pair of points pi and p j , the goal of k-means clustering is to find k centers C = {c1 , . . . , ck } ⊆ P
2
such that the following objective function is minimized: ∑im=1 min j∈[k] d pi , c j . We generate
N = 500 instances with 35 points each and k = 5. We set d(i, i ) = 0 for all i and choose d(i, j)
uniformly at random from [0, 1] for i 6= j. These distances do not satisfy the triangle inequality
and they are not symmetric (i.e., d(i, j) 6= d( j, i )), which tends to lead to harder MILP instances
than using Euclidean distances between randomly chosen points.
Agnostically learning linear separators. Let p1 , . . . , pm be points in Rd labeled by z1 , . . . , zm ∈
{−1, 1}. Suppose we wish to learn a linear separator w ∈ Rd that minimizes 0-1 loss, i.e.,
∑im=1 1{zi h pi ,wi<0} . We generate N = 500 problem instances with 50 points p1 , . . . , p50 from the
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(a)

(b)

Figure 3.4: Illustrations of Example 3.5.1.
2-dimensional standard normal distribution. We sample the true linear separator w∗ from the
2-dimensional standard Gaussian distribution and label point pi by zi = sign(hw∗ , pi i). We then
choose 10 random points and flip their labels so that there is no consistent linear separator.
Experimental results. The relationship between the variable selection parameter and the average tree size varies greatly from application to application. This implies that the parameters
should be tuned on a per-application basis, and that no parameter value is universally effective.
In particular, the optimal parameter for the “regions” combinatorial auction problem, facility location, and clustering is close to 1. However, that value is severely suboptimal for the “arbitrary”
combinatorial auction domain, resulting in trees that are three times the size of the trees obtained
under the optimal parameter value.

3.5 Constraint satisfaction problems
In this section, we describe tree search for constraint satisfaction problems. The generalization
guarantee from Section 3.3.3 also applies to tree search in this domain.
A constraint satisfaction problem (CSP) is a tuple ( X, D, C ), where X = { x1 , . . . , xn } is a
set of variables, D = { D1 , . . . , Dn } is a set of domains where Di is the set of values variable
xi can take on, and C is a set of constraints between variables. Each constraint in C is a pair
(( xi1 , . . . , xir ) , ψ) where ψ is a function mapping Di1 × · · · × Dir to {0, 1} for some r ∈ [n] and
some i1 , . . . , ir ∈ [n]. Given an assignment (y1 , . . . , yn ) ∈ D1 × · · · × Dn of the variables in X, a
constraint (( xi1 , . . . , xir ) , ψ) is satisfied if ψ (yi1 , . . . , yir ) = 1. The goal is to find an assignment
that maximizes the number of satisfied constraints.
The degree of a variable x, denoted deg( x ), is the number of constraints involving x. The
dynamic degree of (an unassigned variable) x given a partial assignment y, denoted ddeg( x, y) is
the number of constraints involving x and at least one other unassigned variable.
Example 3.5.1 (Graph k-coloring). Given a graph, the goal of this problem is to color its vertices
using at most k colors such that no two adjacent vertices share the same color. This problem can
be formulated as a CSP, as illustrated by the following example. Suppose we want to 3-color
the graph in Figure 3.4a using pink, green, and orange. The four vertices correspond to the four
variables X = { x1 , . . . , x4 }. The domain D1 = · · · = D4 = {pink, green, orange}. The only constraints on this problem are that no two adjacent vertices share the same color. Therefore we define ψ to be the “not equal” relation mapping {pink, green, orange} × {pink, green, orange} →
{0, 1} such that ψ(ω1 , ω2 ) = 1{ω1 6=ω2 } . Finally, we define the set of constraints to be
C = {(( x1 , x2 ), ψ), (( x1 , x3 ), ψ), (( x2 , x3 ), ψ), (( x3 , x4 ), ψ)) .
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See Figure 3.4b for a coloring that satisfies all constraints (y1 = y4 = green, y2 = orange, and y3 =
pink).

3.5.1

CSP tree search

CSP tree search begins by choosing a variable xi with domain Di and building | Di | branches, each
one corresponding to one of the | Di | possible value assignments of x. Next, a node z of the tree
is chosen, another variable x j is chosen, and | D j | branches from z are built, each corresponding
to the possible assignments of x j . The search continues and a branch is pruned if any of the
constraints are not feasible given the partial assignment of the variables from the root to the leaf
of that branch.

3.5.2

Variable selection in CSP tree search

As in MILP tree search, there are many variable selection policies researchers have suggested for
choosing which variable to branch on at a given node. Typically, algorithms associate a score for
branching on a given variable xi at node z in the tree T , as in B&B. The algorithm then branches
on the variable with the highest score. We provide several examples of common variable selection
policies below.
deg/dom and ddeg/dom [34]: deg/dom corresponds to the scoring rule score(T , z, i ) =
and ddeg/dom corresponds to the scoring rule score(T , z, i ) =
ment of variables from the root of T to z.
Smallest domain [92]: In this case, score(T , z, i ) =

ddeg( xi ,y)
,
| Di |

deg( xi )
| Di |

where y is the assign-

1
.
| Di |

Our theory is for tree search and applies to both MILPs and CSPs. It applies both to lookahead
approaches that require learning the weighting of the two children (the more promising and
less promising child) and to approaches that require learning the weighting of several different
scoring rules.
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Chapter 4

Integer quadratic programming algorithms

In this chapter, we study algorithm configuration for a class of integer quadratic programming
approximation algorithms. This class consists of SDP rounding algorithms and is a generalization
of the seminal Goemans-Williamson (GW) max-cut algorithm [83]. We focus on integer quadratic
programs of the form ∑i,j∈[n] aij xi x j , where the goal is to find an assignment of the binary variables X = { x1 , . . . , xn } maximizing this sum for a given matrix A = ( aij )i,j∈[n] . Specifically, each
variable in X is set to either −1 or 1. This problem is also known as MaxQP [45]. Most algorithms
with the best approximation guarantees use an SDP relaxation. The SDP relaxation has the form
maximize

∑

aij hui , u j i

subject to ui ∈ Sn−1 .

(4.1)

i,j∈[n]

Given the set of vectors {u1 , . . . , un }, we must decide how they represent an assignment of the
binary variables in X. In the GW algorithm, the vectors are projected onto a random vector Z
drawn from the n-dimensional Gaussian distribution Z . If the directed distance of the resulting
projection is greater than 0, then the corresponding binary variable is set to 1, and otherwise it is
set to −1.
In some cases, the GW algorithm can be improved upon by probabilistically assigning each
binary variable to 1 or −1. In the final rounding step, any rounding function r : R → [−1, 1]
can be used to specify that a variable xi is set to 1 with probability 21 + 12 · r (h Z, ui i) and −1
with probability 12 − 12 · r (h Z, ui i). See Algorithm 2 for the pseudocode. Algorithm 2 is known
as a Random Projection, Randomized Rounding (RPR2 ) algorithm, so named by the seminal work
of Feige and Langberg [74].
We focus on the class of s-linear rounding functions in this section. For the max-cut problem, Feige and Langberg [74] prove that when the maximium cut in the graph is not very large,
a worst-case approximation ratio above the GW ratio is possible using an s-linear rounding function. An s-linear rounding function φs : R → [−1, 1] is parameterized by a real-value s > 0. The
function φs is defined as follows:



 −1
φs (y) = y/s


1

if y < −s
if − s ≤ y ≤ s
if y > s.
Figure 4.1: A graph of the 2-linear function φ2 .

Our goal is to design an algorithm Lslin that learns a nearly-optimal s-linear rounding function. In other words, we want to find a parameter s such that the expected objective value
∑i,j∈[n] aij xi x j is maximized, where the expectation is over three sources of randomness: the matrix A, the vector Z, and the final assignment of the variables x1 , . . . , xn , which depends on A,
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Algorithm 2 SDP rounding algorithm with rounding function r
Input: Matrix A ∈ Rn×n .
1: Draw a random vector Z from Z , the n-dimensional Gaussian distribution.
2: Solve the SDP (4.1) for the optimal embedding U = { u1 , . . . , un }.
3: Compute set of fractional assignments r (h Z, u1 i), . . . , r (h Z, un i).
4: For all i ∈ [n ], set xi to 1 with probability 21 + 12 · r (h Z, ui i) and −1 with probability
r (h Z, ui i).
Output: x1 , . . . , xn .

1
2

− 12 ·

Z, and the choice of a parameter s. This expected value is thus over distributions that are both
external and internal to Algorithm 2: the unknown distribution over matrices is external and
defines the algorithm’s input, whereas the distribution over vectors and the distribution defining
the final assignment of the variables x1 , . . . , xn are internal to Algorithm 2. We call this expected
value the true utility of the parameter s.
Since the distribution D over matrices is unknown, we cannot evaluate the true utility of any
parameter, so we use samples to find a nearly optimal parameter. We draw samples from the
first two sources of randomness: the distribution
and
over vectors.
n over matrices

 the distribution
o
(
1
)
(
1
)
(
N
)
(
N
)
Thus, our set of samples has the form S =
A ,Z
,..., A ,Z
∼ (D × Z ) N . In
this way, to ease our analysis, we sample the distribution over Gaussians — an internal source
of randomness — rather than analyzing its expected value directly. Given these samples, we
define the empirical utility of a parameter s to be the expected value of the solution returned by
Algorithm 2 given A as input when it uses the hyperplane Z and the s-linear rounding function
φs in Step 3, averaged over all ( A, Z ) ∈ S . At a high level, upon sampling from the first two
sources of randomness, we have isolated the third source of randomness, whose expectation is
simple to analyze. In the following analysis, we show that every parameter’s empirical utility
converges to its true utility as the sample size increases, and thus the parameter with the highest
empirical utility has a nearly optimal true utility.
Since the distribution over vectors is known to be Gaussian, an alternative route would be to
only sample the external source of randomness D over the matrices. We would then define the
empirical utility of a parameter s to be the expected value of the solution returned by Algorithm 2
given A as input when it uses the s-linear rounding function φs in Step 3, averaged over all A ∈ S .
This would require us to incorporate the density function of a multi-dimensional Gaussian in our
analysis. We abstract out this complication by sampling the Gaussian vectors and including them
as a part of the learning algorithm’s training set, thus simplifying the analysis significantly.
We now define the true and empirical utility of a parameter more formally. Let p(i,Z,A,s) be
the distribution from which the value of xi is drawn when Algorithm 2, given A as input, uses
the hyperplaneh Z and the hrounding function
r = φs in Step 3. The true utility of the parameter
ii

s is E A,Z ∼D×Z Exi ∼ p(i,Z,A,s) ∑i,j aij xi x j .1 Our goal is to find a parameter whose true utility is
(nearly) optimal. Said another way, we want to find the value of s leading to the highest expected
objective value over all sources of randomness.
1 We

use the abbreviated notation


E

A,Z ∼D×Z



E

xi ∼ p(i,Z,A,s)



∑ aij xi x j  =
i,j


E

A,Z ∼D×Z
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E

x1 ∼ p(1,Z,A,s) ,...,xn ∼ p(n,Z,A,s)



∑ aij xi x j  .
i,j

Algorithm 3 An algorithm for finding an empirical value maximizing s-linear rounding function
Input: Set of samples ( A(1) , Z (1) ), . . . , ( A(m) , Z ( N ) )
n
o
(i )
(i )
For all i ∈ [ N ], solve for the SDP embedding U (i) of A(i) , where U (i) = u1 , . . . , un .

2: Let T = s1 , . . . , s| T | be the set of all values s > 0 such that there exists a pair of indices
D
E
(i )
j ∈ [n], i ∈ [ N ] with Z (i) , u j
= s.
1:

For i ∈ [| T | − 1], let ŝi be the value in [si , si+1 ] which maximizes N1 ∑iN=1 u A(i) ,Z(i) (s).
1
4: Let ŝ be the value in { ŝ1 , . . . , ŝ| T |−1 } that maximizes N
∑iN=1 u A(i) ,Z(i) (s).
Output: ŝ
3:

We do not know the distribution D over matrices, so we also need to define the empirical
utility of the parameter s given a set of samples. We will then show that this empirical utility
approaches the true utility as the number of samples grows. Thus, a parameter which is nearly
optimal on average over the samples will be nearly optimal in expectation as well. The definition
of a parameter’s empirical utility depends on a function us : let us ( A, Z ) denote the expected
value of the solution returned by Algorithm 2 given A as input when it uses the hyperplane
Z and the rounding function r = φs in Step 3. The expectation is over the randomness
in
h
i the
assignment of each variable xi to either 1 or -1. Explicitly, us ( A, Z ) = Exi ∼ p(i,Z,A,s) ∑i,j aij xi x j . By
definition, the true utility of the parameter s equals E A,Z ∼D×Z [us ( A, Z )].
utility of a parameter s as follows. Given a set of samples
 We now
 define
 the empirical


A(1) , Z (1) , . . . , A( N ) , Z ( N ) ∼ D × Z , we define the empirical utility of the parameter s


to be N1 ∑iN=1 us A(i) , Z (i) . Bounding the pseudo-dimension2 of the class of functions U =
{us : s > 0}, we bound the number of samples sufficient to ensure that with high probability,
for all parameters
s,

 the true utility of s nearly matches its expected utility. In other words,

∑iN=1 us A(i) , Z (i) nearly matches E A,Z ∼D×Z [us ( A, Z )]. Thus, if we find the parameter ŝ that


maximizes N1 ∑iN=1 us A(i) , Z (i) , then the true utility of ŝ is nearly optimal. In Theorem 4.0.3, we
provide a sample efficient and computationally efficient algorithm for finding ŝ.
We prove that the functions in U have a particularly simple form, which facilitates our pseudodimension analysis. Roughly speaking, for a fixed matrix A and vector Z, each function in U is
a piecewise inverse-quadratic function of the parameter s.
1
N

Lemma 4.0.1. For any matrix A and vector Z, let u∗A,Z : R>0 → R denote the function u∗A,Z (s) =
us ( A, Z ). Each function u∗A,Z is made up of n + 1 piecewise components of the form sa2 + bs + c for some
a, b, c ∈ R. Moreover, if the border between two components falls at some s ∈ R>0 , then it must be that
s = |hui , Z i| for some ui in the optimal SDP embedding of A.
This fact implies the following pseudo-dimension bound.
Theorem 4.0.2. The pseudo-dimension of U is O(ln n).
Lemma 4.0.1 also suggests a learning algorithm, Algorithm 3, that is computationally and
sample efficient.
2 Since

pseudo-dimension bounds imply uniform convergence guarantees for worst-case distributions, the distribution Z over vectors need not be Gaussian, although this is the classic distribution of choice in the works by Goemans
and Williamson [83] and Feige and Langberg [74]. Indeed, our results hold when Z is any arbitrary distribution over
Rn .
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Theorem 4.0.3. Let H = sup A∈supp(D) || A||c , where || · ||c is the cut norm and supp(D) denotes the

 2
support of D .3 Given a set of N = Θ He log nδ samples drawn from D × Z , let ŝ be the output of
Algorithm 3. With probability at least 1 − δ, the true utility of ŝ is e-close optimal:
max

E

s>0 A∼D ,Z ∼Z

[us ( A, Z )] −

E

A∼D ,Z ∼Z

[uŝ ( A, Z )] ≤ e.

The results in this chapter are joint work with Nina Balcan, Vaishnavh Nagarajan, and Colin
White [20]. Our existing results appeared in COLT 2017.

3H

is an upper bound on the value of us ( A, Z ) for any s > 0 and any ( A, Z ) in the support of D × Z .
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Chapter 5

Computational biology algorithms

In this chapter, we study the sample complexity of three common problems from biology: pairwise sequence alignment, RNA folding, and predicting topologically associated domains. In all
of these applications, there are two unifying similarities, which we describe below.
First, a solution’s quality, which we also refer to as its utility, is measured with respect to a
ground-truth solution. This gold-standard solution is constructed in most cases by laboratory
experimentation, so it is only available for the problem instances in the training set. Algorithmic performance is then measured in terms of the distance between the solution the algorithm
outputs and the ground-truth solution.
Second, the biology algorithms we study all return solutions that maximize some parameterized objective function. Often, there may be multiple solutions that maximize this objective
function; we call these solutions co-optimal. Although co-optimal solutions have the same objective function value, they may have different utilities. In practice, in any region of the parameter
space where the set of co-optimal solutions is invariant, the algorithm’s output is invariant as
well. We call this type of algorithm co-optimal constant. Throughout the remainder of this section,
we assume the parameterized algorithms are co-optimal constant.
The results in this chapter are joint work with Nina Balcan, Dan DeBlasio, Travis Dick, Carl
Kingsford, and Tuomas Sandholm [25].

5.1 Global pairwise sequence alignment
Pairwise sequence alignment is a fundamental problem in biological sequence analysis, database
search [7], homology detection [158], and many other scientific domains. Pairwise alignment
is also a basic operation in many tools for multiple sequence alignment, where the objective is
to find correlation between at least three strings [174]. Depending on the application, the goal
may be to find a complete alignment of the two sequences, called global alignment, or to find the
best alignment of any subsequences of the two input sequences, called local alignment. In either
case, the high level goal is the same: given two sequences, find an alignment that optimizes
a given parameterized objective function. While the pairwise sequence alignment problem in
general is well studied, most common problem formulations have the same issue: optimizing the
objective function’s parameters can be challenging. Depending on the application domain, the
best parameter values differ greatly between instances.
More formally, let Σ be an alphabet and let S1 and S2 be two sequences in Σ of length n. A
sequence alignment is a pair of sequences τ1 , τ2 ∈ (Σ ∪ {−})∗ such that |τ1 | = |τ2 |, del (τ1 ) = S1 ,
and del (τ2 ) = S2 , where del is a function that deletes every −, or gap character, in the input
sequence. We require that a gap character is never paired with a gap character: for all i ∈ [|τ1 |],
if τ1 [i ] = −, then τ2 [i ] 6= − and vice versa. There are many features of a sequence alignment that
affect its quality, such as the number of matches (indices i where τ1 [i ] = τ2 [i ]), mismatches (indices
i where τ1 [i ] 6= τ2 [i ]), indels (indices i where τ1 [i ] = − or τ2 [i ] = −), and gaps (ranges [i, j] where
for k ∈ {1, 2}, τk [`] = − for all ` ∈ [i, j], τk [i − 1] 6= − or i = 1, and τk [ j + 1] 6= − or j = n). We
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denote these features by functions `1 , . . . , `d , where each maps pairs of sequences (S1 , S2 ) and
alignments L to real values ` j (S1 , S2 , L) ∈ R.
When aligning two input sequences S1 and S2 , the goal is to compute the alignment that
maximizes the objective function
ρ [ 1 ] · ` 1 ( S1 , S2 , L ) + · · · + ρ [ d ] · ` d ( S1 , S2 , L ) ,

(5.1)

where ρ ∈ Rd is a parameter vector. We use the notation Lρ (S1 , S2 ) to denote the set of alignments maximizing Equation (5.1). For each parameter vector ρ, we can run a dynamic programming algorithm Aρ which returns an alignment Aρ (S1 , S2 ) in Lρ (S1 , S2 ). As we vary the weights,
this gives rise to a family of algorithms. Since there is no consensus about what the best weights
are, our goal is to automatically learn the best weights for a specific application domain. We
assume that the domain expert has a utility function that characterizes an alignment’s quality,
denoted u(S1 , S2 , L) ∈ [0, 1]. We are agnostic to the specific definition of u. As a concrete example, u(S1 , S2 , L) might measure the distance between L and a “ground truth” alignment of S1
and S2 , also known as the developer’s accuracy [175]. In this case, the learning algorithm would
require access to the ground truth alignment for every problem instance (S1 , S2 ) in the training
set. Ground truth is difficult to measure, so these reference alignments are never available for all
sequence pairs.
We prove that for any fixed sequence pair, utility as a function of the parameters ρ ∈ Rd is
piecewise constant, and that the boundaries between pieces are defined by 4n n4n+2 hyperplanes.
This implies the following pseudo-dimension bound.

Theorem 5.1.1. Let Aρ | ρ ∈ Rd be a set of co-optimal-constant algorithms and let u be a utility
function
 pairs and alignments to R. Let U be the set of functions
 mapping tuples (S1 , S2 , L) of sequence
U = uρ : (S1 , S2 ) 7→ u S1 , S2 , Aρ (S1 , S2 ) | ρ ∈ Rd mapping sequence pairs S1 , S2 ∈ Σn to R. The
pseudo-dimension of U is O(d(n ln n + ln d)).
From Theorem 2.1.3, we know that this pseudo-dimension bound implies the following sample complexity guarantee. Let [0, 1] be the range of each utility function uρ : Σn × Σn → [0, 1].

For any e > 0 and δ ∈ (0, 1), let NU (e, δ) := Θ e12 d(n ln n + ln d) + ln 1δ . With probability
1 − δ over the draw of N ≥ NU (e, δ) samples S ∼ D N , for all parameter vectors ρ ∈ Rd , the
difference between the average value of uρ over the samples and the expected value of uρ is at


most e: N1 ∑(S1 ,S2 )∈S uρ (S1 , S2 ) − E(S1 ,S2 )∼D uρ (S1 , S2 ) ≤ e.
Tighter guarantees for a structured algorithm subclass: the affine-gap model. A line of prior
work [78, 90, 153, 154] analyzed the specific instantiation of the objective function (5.1) where
d = 3. The goal is to find the alignment L maximizing the objective function
mt(S1 , S2 , L) − ρ[1] · ms(S1 , S2 , L) − ρ[2] · id(S1 , S2 , L) − ρ[3] · gp(S1 , S2 , L),
where mt(S1 , S2 , L) is the number of columns in the alignment that have the same character
(matches), ms(S1 , S2 , L) is the number of columns that do not have the same character (mismatches), id(S1 , S2 , L) is the total number of gap characters (indels, short for insertion/deletion),
and gp(S1 , S2 , L) is the number of groups of consecutive gap characters in any one row of the grid
(gaps). This is known as the the affine-gap scoring model. We exploit specific structure exhibited
by this algorithm family to obtain an exponential improvement in the sample complexity.
 This
3/2 differuseful structure guarantees that for any
pair
of
sequences
(
S
,
S
)
,
there
are
only
O
n
1 2

ent alignments the algorithm family Aρ | ρ ∈ R3 might produce as we range over parameter
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vectors [78, 90, 153]. This implies that for any fixed sequence pair, utility as a function of the
parameters ρ ∈ R3 is piecewise constant, and that the boundaries between pieces are defined by
O(n3 ) hyperplanes. This implies the following pseudo-dimension bound.

Theorem 5.1.2. Let Aρ | ρ ∈ R3≥0 be a set of co-optimal-constant algorithms and let u be a utility
function
 mapping tuples (S1 , S2 , L) of sequence
 pairs and alignments to R. Let U be the set of functions
U = uρ : (S1 , S2 ) 7→ u S1 , S2 , Aρ (S1 , S2 ) | ρ ∈ R3≥0 mapping sequence pairs S1 , S2 ∈ Σn to R. The
pseudo-dimension of U is O(ln n).

This theorem implies a sample complexity bound of NU (e, δ) := Θ e12 ln n + ln 1δ , which
is exponentially tighter than that implied by Theorem 5.1.1. We also prove that our pseudodimension bound from Theorem 5.1.2 is tight up to constant factors and generalize our guarantees to the case where we align multiple sequences.

5.2 RNA folding
RNA molecules have many essential roles, including protein coding and enzymatic functions [96].
RNA is assembled as a chain of bases denoted using the characters A, U, C, and G. It is often
found as a single strand folded onto itself: non-adjacent bases physically bound together. Given
an unfolded RNA strand, the goal is to infer the way it would naturally fold, which sheds light
on its function. This problem is known as RNA secondary structure prediction, or simply RNA
folding.
Formally, given a sequence S ∈ Σn from an alphabet Σ, a folding is a set of a pairs (i, j) such
that 0 ≤ i < j ≤ n, each base is involved in only one pair, and the folding does not contain any
pseudoknots (a pair of pairs (i, j), (i0 , j0 ) such that i < i0 < j < j0 ). A commonly-used procedure
for finding a folding φ ⊂ {(i, j) | 0 ≤ i < j < n} of an input sequence S ⊆ Σn computes the
folding that maximizes the objective function
ρ | φ | + (1 − ρ )

∑

(i,j)∈φ

M

S[i ],S[ j]
S[i −1],S[ j+1]

I

{(i,j),(i −1,j+1)∈φ}

(5.2)

where ρ ∈ [0, 1] is a tunable parameter and M is a fixed, arbitrary, non-negative weight matrix.
The parameter ρ trades off between global properties of the folding (the number of binding pairs
|φ|) and local properties (the likelihood bases would appear close together in the folding, as indicated by the matrix M). The model described here is a special case of that described in Nussinov
and Jacobson [150]. We use the notation φρ (S) to denote the set of foldings maximizing Equation (5.2). For each parameter ρ, we can run a dynamic programming algorithm Aρ which returns
a folding Aρ (S) in φρ (S). As we vary the weight, this gives rise to a family of algorithms. Since
there is no consensus about what the best weight is, our goal is to automatically learn the best
weight for a specific application domain. As in Section 5.1, we assume that the domain expert
has a utility function that characterizes a folding’s quality, denoted u(S, φ) ∈ [0, 1]. We are again
agnostic to the specific definition of u, but as a concrete example, u(S, φ) might measure the
fraction of pairs shared between φ and a “ground truth” folding φ∗ . In this case, the learning
algorithm would require access to the ground truth folding for every sequence S in the training
set.
In the following theorem, we prove that the utility function u, when applied to the output of
the algorithm Aρ , is a piecewise-constant function of the parameter ρ with at most n pieces. This
implies the following pseudo-dimension bound.
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Theorem 5.2.1. Let Aρ | ρ ∈ [0, 1] be a set of co-optimal-constant algorithms and let u be a utility
 (S, φ) of sequences and foldings to R. Let U be the set of functions U =
 function mapping pairs
uρ : S 7→ u S, Aρ (S) | ρ ∈ [0, 1] mapping sequences S to R. The pseudo-dimension of U is O(log n).
Let [0, 1] be the range of the utility function uρ : Σn → [0, 1]. Theorems 2.1.3 and 5.2.1 imply

that with probability 1 − δ over the draw of N = Θ e12 ln n + ln 1δ samples S ∼ D N , for all
parameters ρ ∈ [0, 1], the difference between the average value of uρ over the samples and the


expected value of uρ is at most e: N1 ∑S∈S uρ (S) − ES∼D uρ (S) ≤ e.

5.3 Predicting topologically associating domains
Inside a cell, the linear DNA of the genome wraps into three-dimensional structures that influence genome function. Some regions of the genome are closer than others and thereby interact
more. One important structure is called a topological associating domain (TAD), which is a contiguous segment of the genome that folds into a compact region. Formally, given a DNA sequence of
length n, a TAD set T is a set of non-overlapping intervals from the set {1, . . . , n}. If an interval
[ a, b] is in the TAD set T, then the bases within the corresponding substring physically interact
more frequently among one another than with bases from the rest of the genome. Disrupting
TAD boundaries can affect the expression of nearby genes, which can trigger diseases such as
congenital malformations and cancer [134].
Biological experiments facilitate predicting the location of TADs by measuring the contact
frequency of any two locations in the genome [127]. TAD prediction algorithms use these contact
frequency measurements to identify regions along the genome that are frequently in contact.
More formally, given the sequence or genome length n ∈ N, a TAD set is a set
T = {(i1 , j1 ), (i2 , j2 ), . . . , (it , jt )} ⊂ [n] × [n]
such that i1 < j1 < i2 < j2 < · · · < it < jt . If (i, j) ∈ T, then the region of the genome between
the indices i and j is thought to interact frequently.
A TAD prediction algorithm algorithm takes as input a weighted adjacency matrix M ∈ Rn×n
that measures contact frequency. The goal of TAD-finding is to compute the TAD set T that
maximizes the objective function

∑

sρ (i, j) − µρ ( j − i ),

(5.3)

(i,j)∈ T

where ρ ≥ 0 is a tunable parameter,
sρ (i, j) =

1
( j − i )ρ

∑

M pq

i ≤ p<q≤ j

is the scaled density of the subgraph induced by the interactions between genomic loci i and j,
and
1 n − d −1
µρ (d) =
sρ (t, t + d).
n − d t∑
=0
is the mean value of sρ over all sub-matrices of length d along the diagonal of M.
We use the notation Tρ ( M) to denote the set of TAD sets maximizing Equation (5.3). For
each parameter ρ, we can run a dynamic programming algorithm Aρ which returns a labeling
Aρ ( M ) in Tρ ( M). As we vary the weight, this gives rise to a family of algorithms. Since there is no
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consensus about what the best parameter is, our goal is to automatically learn the best parameter.
As before, we assume that the domain expert has a utility function that characterizes the quality
of a TAD set T, denoted u( M, T ) ∈ [0, 1]. We are again agnostic to the specific definition of
u, but as a concrete example, u( M, T ) might measure the fraction of TADs in T that are in the
correct location given a “ground truth” TAD set T ∗ . In this case, the learning algorithm would
require access to the ground truth TAD set—which may be hand curated—for every matrix M
in the training set. We prove that
 for any
 fixed matrix M, utility as a function of the parameter
2

ρ is piecewise-constant with O n2 4n pieces, which implies the following pseudo-dimension
bound.

Theorem 5.3.1. Let Aρ | ρ ∈ R≥0 be a set of co-optimal-constant algorithms and let u be a utility
function
mapping pairs ( M,
 T ) of matrices and TAD sets to R. Let U be the set of functions U =

uρ : M 7→ u M, Aρ ( M) | ρ ∈ R≥0 mapping matrices M ∈ Rn×n to R. The pseudo-dimension of U
is O(n2 ).

This theorem together with Theorem 2.1.3 implies that N = Θ e12 n2 + ln 1δ samples are
sufficient to ensure that with probability 1 − δ, for all parameters ρ ∈ [0, 1], the difference between
the average value of uρ over the samples and the expected value of uρ is at most e.
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Chapter 6

Mechanism design

In this chapter, we study parameter tuning in the context of mechanism design. In economics,
a mechanism is a tool that helps a set of rational agents come to a collective decision. For
example, given a set of items and the agents’ reported values for those items, a mechanism
might determine an allocation of the items to the agents. In order to ensure the agents do not
act strategically, and thus report their values truthfully, mechanisms often require agents to pay
some amount of money for the items they receive. Given the right payment scheme, one can
ensure that the agents are always incentivized to report truthfully. This type of mechanism is
known as incentive compatible.
Mechanisms can be designed with many different goals in mind. For example, one might
wish to design an incentive compatible mechanism with high revenue (the sum of the agents’
payments), profit (the revenue minus the cost of producing the items), or social welfare (the
sum of the agents’ values for the items they receive). As in the case of algorithm configuration,
there are myriad different mechanism families, each defined by tunable parameters, and different
parameter settings will lead to differing profit, revenue, and social welfare.
In this chapter, we analyze automated parameter tuning under a model that is nearly identical
to the previous few chapters of this proposal. There is an unknown distribution over agents’
values for a set of values. The mechanism designer receives a training set of values sampled
from this distribution. His goal is to use this training set to select mechanism parameters with
high expected profit on the underlying distribution. We analyze the sample complexity of this
problem in Section 6.1.
Next, in Section 6.2, we analyze a more general mechanism design problem where the agents’
values are over an arbitrary set of outcomes. For example, these mechanisms can help agents
come to a collective decision about whether or not to build a public good, such as a bridge. In
this setting, we provide sample complexity bounds for social welfare maximization.

6.1 Profit maximization
One of the most tantalizing and long-standing open problems in mechanism design is profit maximization in multi-item, multi-buyer settings. Much of the literature surrounding this problem
rests on the strong assumption that the mechanism designer knows the distribution over buyers’
values. In reality, this information is rarely available. The support of the distribution alone is
often doubly exponential, so obtaining and storing the distribution is impractical.
We relax this assumption and instead assume that the mechanism designer only has a set of
samples from the distribution [128, 129, 173]. In this work, we develop learning-theoretic foundations of sample-based mechanism design. In particular, we provide generalization guarantees
which bound the difference between the empirical profit of a mechanism over a set of samples
and its expected profit on the unknown distribution.
A substantial body of theory on sample-based mechanism design has developed recently,
primarily in single-parameter settings [6, 40, 48, 52, 65, 73, 87, 94, 100, 142, 145, 163]. In this
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section, we present a general theory for deriving worst-case generalization guarantees in multiitem settings, as well as data-dependent guarantees when the distribution over buyers’ values is
well-behaved. We analyze mechanism classes that have not yet been studied in the sample-based
mechanism design literature and match or improve over the best-known guarantees for many of
the special classes that have been studied.

6.1.1

Our contributions

Our contributions come in three interrelated parts. The results in this section are joint work with
Nina Balcan and Tuomas Sandholm [24]. Our existing results appeared in EC 2018.
Worst-case generalization guarantees for profit maximization. We uncover a key structural
property shared by a variety of mechanisms which allows us to prove strong generalization
guarantees: for any fixed set of bids, profit is a piecewise linear function of the mechanism’s
parameters. Our main theorem provides generalization guarantees for any class exhibiting this
structure. To prove this theorem, we relate the complexity of the partition splitting the parameter
space into linear portions to the intrinsic complexity of the mechanism class, which we quantify using pseudo-dimension. In turn, pseudo-dimension bounds imply generalization bounds.
We prove that many mechanisms throughout economics, artificial intelligence, and theoretical
computer science share this structure, and thus our main theorem yields strong learnability
guarantees.
We prove that our main theorem applies to randomized mechanisms, making us the first to
provide generalization bounds for these mechanisms. Our guarantees apply to lotteries, a general
representation of randomized mechanisms, which are extremely important in the intersection of
economics and computation (e.g., [16, 39, 47]). Randomized mechanisms are known to generate
higher expected revenue than deterministic mechanisms in many settings (e.g., [55, 68]). Our
results imply, for example, that if the mechanism designer plans to offer
 a menu of ` lotteries
2
2
over m items to an additive or unit-demand buyer, then Õ H `m/e samples are sufficient
to ensure that every menu’s expected profit is e-close to its empirical profit, where H is the
maximum profit achievable over the support of the buyer’s valuation distribution.
We also provide guarantees for pricing mechanisms using our main theorem. These include
item-pricing mechanisms, also known as posted-price mechanisms, where each item has a price and
buyers buy their utility-maximizing bundles. These mechanisms are prevalent throughout economics and computation (e.g., [15, 42, 75]). Additionally, we study multi-part tariffs, where there
is an upfront fee and a price per unit. We are the first to provide generalization bounds for
these tariffs and other non-linear pricing mechanisms, which have been studied in economics
for decades (e.g., [76, 151, 189]). For instance, our main theorem guarantees that if there are κ
units of a single good for sale, then Õ H 2 κ/e2 samples are sufficient to learn a nearly optimal
two-part tariff. See Figure 6.1 for an illustration of the partition of the two-part tariff parameter
space into piecewise-linear portions.
Our main theorem implies generalization bounds for many auction classes, such as second
price auctions, which are fundamentally important in economics and beyond (e.g., [44, 62, 184]).
We also study generalized VCG auctions, such as affine maximizer auctions, virtual valuations combinatorial auctions, and mixed-bundling auctions, which have been studied in AI and economics
(e.g., [69, 102, 122, 161, 173]).
Next, we combine our analysis with tools from the structured prediction literature in theoretical machine learning. In doing so, we provide more refined upper bounds for several “simple”
mechanism classes and answer an open question posed by Morgenstern and Roughgarden [146].
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Figure 6.1: This figure illustrates a partition of the two-part tariff parameter space into piecewiselinear portions. Under a two-part tariff there are multiple units of a single good for sale. The
seller sets an entry fee ρ[1] and a price ρ[2] per unit. If a buyer wishes to buy t ≥ 1 units, she
pays ρ[1] + ρ[2] · t and otherwise she pays nothing. See Example 6.1.1 for more details.
Data-dependent generalization guarantees for profit maximization. We provide several datadependent tools that strengthen our main theorem when the distribution over buyers’ values is
“well-behaved.” First, we prove generalization guarantees that, surprisingly, are independent
of the number of items for item-pricing mechanisms, second price auctions with reserves, and
a subset of lottery mechanisms. Under anonymous prices, our bounds do not depend on the
number of bidders either. These guarantees hold when the bidders are additive with values
drawn from item-independent distributions (bidder i1 ’s value for item j is independent from her
value for item j0 , but her value for item j may be arbitrarily correlated with bidder i2 ’s value for
item j).
Bidders with item-independent value distributions have been studied extensively in prior research (e.g., [16, 41, 42, 46, 85, 93, 192]). Cai and Daskalakis [41] provide learning algorithms
for bidders with valuations drawn from product distributions, which are item-independent.
Their algorithms return mechanisms whose expected revenue is a constant fraction of the optimal revenue obtainable by any randomized and Bayesian truthful mechanism. Relying on
prior
[85, 146], theirsample complexity guarantee when the buyers are additive is
 research


H 2
O
nm log(nm) + log 1δ , where n is the number of buyers. We improve this sample
e
 2

complexity bound to O He
n log n + log 1δ , completely removing the dependence on the
number of items.
Structural profit maximization. Many of the mechanism classes we study exhibit a hierarchical
structure. For example, when designing a pricing mechanism, the designer can segment the
population into k groups and charge each group a different price. This is prevalent throughout
daily life: movie theaters and amusement parks have different admission prices per market
segment, with groups such as Child, Student, Adult, and Senior Citizen. In the simplest case, k =
1 and the prices are anonymous. If k equals the number of buyers, the prices are non-anonymous,
thus forming a hierarchy of mechanisms. In general, the designer should not choose the simplest
class to optimize over simply to guarantee good generalization because more complex classes
are more likely to contain nearly optimal mechanisms. We show how the mechanism designer
can determine the precise level in the hierarchy assuring him the optimal tradeoff between profit
maximization and generalization.

6.1.2 Related research
Sample-based mechanism design was introduced in the context of automated mechanism design
(AMD). In AMD, the goal is to design algorithms that take as input information about a set of
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buyers and return a mechanism that maximizes an objective such as revenue [54, 57, 170]. The
input information about the buyers in early AMD was an explicit description of the distribution
over their valuations. The support of the distribution’s prior is often doubly exponential, for
example in combinatorial auctions, so obtaining and storing the distribution is impractical. In
response, sample-based mechanism design was introduced where the input is a set of samples
from this distribution [128, 129, 173]. Those papers also introduced the idea of searching for a
high-revenue mechanism in a parameterized space where any parameter vector yields a mechanism that satisfies the individual rationality and incentive-compatibility constraints. This was
in contrast to the traditional, less scalable approach of representing mechanism design as an
unrestricted optimization problem where those constraints need to be explicitly modeled. The
parameterized work studied algorithms for designing combinatorial auctions with high empirical revenue. We follow the parameterized approach, but we study generalization guarantees,
which they did not address.
Prior work on the sample complexity of profit maximization has primarily concentrated on
the single-item setting, with the exception of work by Balcan et al. [19], Cai and Daskalakis
[41], Medina and Vassilvitskii [138], Morgenstern and Roughgarden [146], Syrgkanis [178], and
Gonczarowski and Weinberg [88]. We provide a detailed comparison of our results to these
papers on multi-item mechanisms in our EC 2018 paper [24]. Earlier work of Balcan et al. [18]
addressed sample complexity for revenue maximization in unrestricted supply settings. From an
algorithmic perspective, Devanur et al. [65], Hartline and Taggart [94], and Gonczarowski and
Nisan [87] provide computationally efficient algorithms for learning nearly-optimal single-item
auctions in various settings.

6.1.3 Preliminaries and notation
We study the problem of selling m heterogeneous goods to n buyers. We denote a bundle of
goods as a quantity vector q ∈ Zm
≥0 . The number of units of item i in the bundle represented
th
by q is denoted by its i component q[i ]. Accordingly, the bundle consisting of only one copy
of the ith item is denoted by the standard basis vector ei , where ei [i ] = 1 and ei [ j] = 0 for all
j 6= i. Each buyer j ∈ [n] has a valuation function v j over bundles of goods. If one bundle q0 is
contained within another bundle q1 (i.e., q0 [i ] ≤ q1 [i ] for all i ∈ [m]), then v j (q0 ) ≤ v j (q1 ) and
v j (0) = 0. We denote an allocation as Q = (q1 , . . . , qn ) where q j is the bundle of goods that
buyer j receives under allocation Q. The cost to produce the bundle q is denoted as c (q) and
the cost to produce the allocation Q is c ( Q) = ∑in=1 c (qi ). Suppose
there are κi units available

of item i. Let K = ∏im=1 κi . We use vj = v j (q1 ) , . . . , v j (qK ) to denote buyer j’s values for all
of the K bundles and we use v = (v1 , . . . , vn ) to denote a vector of buyer
values. We also study



m
additive buyers v j (q) = ∑i=1 q[i ]v j (ei ) and unit-demand buyers v j (q) = maxi:q[i]≥1 v j (ei ) .
Every auction in the classes we study is incentive compatible, so we assume that the bids equal
the bidders’ valuations.
There is an unknown distribution D over buyers’ values. We make very few assumptions
about this distribution. First of all, we do not assume the distribution belongs to a parametric
family. Moreover, we do not assume the buyers’ values are independently or identically distributed. In particular, a bidder’s values for multiple bundles may be correlated, and multiple
bidders may have correlated values as well. We denote the support of D using the notation X .
Therefore, X is a set of buyers’ values.
Our results apply to mechanisms that are parameterized by a vector ρ ∈ Rd , where the value
of d depends on the mechanism class. For example, ρ might equal the prices of the items for
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Figure 6.2: This figure illustrates the partition of the two-part tariff parameter space into
piecewise-linear portions in the following scenario: there is one buyer whose value for one unit is
v1 (1) = 6, value for two units is v1 (2) = 9, value for three units is v1 (3) = 11, and value for i ≥ 4
units is v1 (i ) = 12. We assume the seller produces at most four units. The buyer will buy exactly
one unit if v1 (1) − ρ[1] − ρ[2] > v1 (i ) − ρ[1] − i · ρ[2] for all i ∈ {2, 3, 4} and v1 (1) − ρ[1] − ρ[2] > 0.
This region of the parameter space is colored orange. By similar logic, the buyer will buy exactly
two units in the blue region, exactly three units in the green region, and exactly four units in the
red region.
sale. We use the notation uρ (v) to denote the profit of the mechanism parameterized by ρ on the
valuation vector v.

6.1.4

Worst-case generalization guarantees

Our guarantees apply to mechanism classes where for every valuation vector v, profit as a function of the parameters ρ is piecewise linear. We denote this function as u∗v (ρ) : Rd → R, where
uρ (v) = u∗v (ρ). We begin by illustrating this property via several simple examples.
Example 6.1.1 (Two-part tariffs). In a two-part tariff, there are multiple units of a single good for
sale. The mechanism is defined by a vector ρ ∈ R2 . The seller sets an upfront fee ρ[1] and a
price per unit ρ[2]. Here, we consider the simple case where there is a single buyer1 . If the buyer
wishes to buy t ≥ 1 units, she pays the upfront fee ρ[1] plus ρ[2] · t, and if she does not want
to buy anything, she does not pay anything. Two-part tariffs have been studied extensively by
economists [76, 151, 189] and are prevalent throughout daily life. For example, gym and golf
membership programs often require an upfront membership fee plus a fee per month. In many
cities, purchasing a public transportation card requires a small upfront fee and an additional cost
per ride. Many coffee machines, such as those made by Keurig and Nespresso, require specialty
coffee pods. Purchasing these pods amounts to paying a fee per unit on top of the upfront fee,
which is the cost of the coffee machine.
Suppose there are κ units of the good for sale. The buyer will buy exactly t ∈ {1, . . . , κ }
units so long as v1 (t) − (ρ[1] + ρ[2] · t) > v1 (t0 ) − (ρ[1] + ρ[2] · t0 ) for all t0 6= t and v1 (t) −
(ρ[1] + ρ[2] · t) > 0. Therefore, for a fixed set of buyer values, there are (κ +2 1) hyperplanes splitting R2 into convex regions such that within any one region, the number of units bought does
not vary. So long as the number of units bought is invariant, profit is a linear function of ρ[1]
and ρ[2]. See Figure 6.2 for an illustration.
Example 6.1.2 (Lotteries). A lottery is defined by a vector ρ ∈ Rm+1 , where for i ∈ [m], ρ[i ] is the
probability that the bidder receives item i, and ρ[m + 1] is the lottery’s price. In this example, we
1 We

generalize to multiple buyers in Section 6.1.4.
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consider the simple case where there is one additive buyer, no supplier cost, and a single lottery
for sale. The buyer’s expected utility for the lottery is v · (ρ[1], . . . , ρ[m]) − ρ[m + 1]. We know
that the buyer will choose to buy the lottery so long as this value is at least 0. If the buyer buys
the lottery, she will pay a price of ρ[m + 1], and otherwise she will pay nothing. Therefore, there
is a single hyperplane breaking the parameter space into regions where profit is linear.
We provide generalization guarantees that are closely dependent on the “complexity” of the
partition splitting Rd into regions such that u∗v (ρ) is linear. Inspired by structure exhibited
by many mechanism classes, such as Examples 6.1.1 and 6.1.2, we require that this partition be
defined by a finite number of hyperplanes. We give the following name to this type of mechanism
class:
Definition
6.1.3 ((d, t)-delineable). Fix a set of mechanisms defined parameters P ⊆ Rd and let

U = uρ : ρ ∈ P be the corresponding set of profit functions. The set U is (d, t)-delineable if
for any valuation vector v ∈ X , there is a set H of t hyperplanes such that for any connected
component P 0 of P \ H, the function u∗v (ρ) is linear over P 0 .
In Theorem 6.1.4, we relate pseudo-dimension to delineability.
Theorem 6.1.4. If U is (d, t)-delineable, the pseudo dimension of U is O (d log (dt)).
We now prove that a variety of mechanism classes exhibit this delineability structure, and
thus we can apply Theorem 6.1.4. We warm up with the classes from Examples 6.1.1 and 6.1.2.

Theorem 6.1.5. Let U = uρ : ρ ∈ R2 be the set of profit functions corresponding

 to the class of
κ +1
two-part tariffs over a single buyer and κ units of a single good. The set U is 2, ( 2 ) -delineable.

Theorem 6.1.6. Let U = uρ : ρ ∈ Rm+1 be the set of profit functions corresponding to the class of
lottery mechanisms over m items and one additive bidder. Suppose that the cost to produce each item is
zero. The set U is (m + 1, 1)-delineable.
Lotteries
We now apply Theorem 6.1.4 to lottery menus. A length-` lottery menu is a set
n
o
M = ρ(0) , ρ(1) , . . . , ρ(`) ⊂ Rm+1 ,
where ρ(0) = 0. As is typical in the lottery literature, we assume there is a single additive
buyer with values v ∈ Rm ; our results easily generalize to unit-demand buyers and multiple
buyers. Under the lottery defined by the parameters ρ( j) the buyer receives each item i with
( j)
probability
ρ( j) [i ] and

 pays a price of ρ [m + 1]. Their expected utility for this lottery is v ·

ρ( j) [1], . . . , ρ( j) [m] − ρ( j) [m + 1]. Let ρv ∈ M be the lottery that maximizes the buyer’s expected
utility. We use the notation q ∼ ρv to denote a random allocation of the lottery defined by ρv .
Specifically, for all i ∈ [m], q[i ] = 1 with probability ρv [i ] and q[i ] = 0 with probability
1 − ρv [o
i ].
n
The expected profit of the mechanism is uρ (v) = ρv − Eq∼ρv [c (q)]]. Let U = uρ : ρ ∈ R`(m+1) .
The key challenge in bounding Pdim (U ) is that Eq∼ρv [c (q)] is not a piecewise linear function of the parameters ρ(0) , . . . , ρ(`) . To overcome this challenge, rather than bounding Pdim (U ),
we bound the pseudo-dimension of a related class Ũ . We then show that optimizing over
Ũ amounts to optimizing over U itself. To motivate the definition of Ũ , notice that if w ∼
40

that w[ j] is smaller than ρv [ j] is ρv [ j]. Therefore, Eq∼ρv [c (q)] =
U ([h0, 1]m ), the probability
i
Ew c ∑ j:w[ j]<ρv [ j] e j . Given lottery parameters ρ ∈ R`(m+1) , we define ũρ (v, w) := ρv [m +

n
o

1] − c ∑ j:w[ j]<ρv [ j] e j and define Ũ = ũρ : ρ ∈ R`(m+1) . The important insight is that the class

Ũ is delineable because for a fixed pair (v, w), both the lottery the buyer chooses and the bundle
∑ j:w[ j]<ρv [ j] e j are defined by a set of hyperplanes.


Theorem 6.1.7. For additive and unit-demand buyers, Ũ is `(m + 1), (` + 1)2 + m` -delineable.
The following theorem guarantees that optimizing over Ũ amounts to optimizing over U
itself. It follows from the fact that for all v and parameters ρ ∈ R`(m+1) , uρ (v) = Ew [ũρ (v, w)].




Theorem 6.1.8. With probability 1 − δ over the draw of N samples v(1) , w(1) , . . . , v( N ) , w( N ) ∼

D × U ([0, 1])m , for all lottery parameters ρ ∈ R`(m+1) ,
1
N

N

∑ ũρ

s




v (i ) , w (i ) − E



v∼D

i =1

uρ (v)



=O

H

1
N



1
Pdim Ũ + log
δ


!
.

Non-linear pricing mechanisms
Non-linear pricing mechanisms are specifically used to sell multiple units of each good. We
assume that the cost function caps the total number of units of each item that the producer will
supply. In other words, there is some cap κi per item i such that it costs more to produce κi
units of item i than the buyers will pay. Formally, this means that there exists (κ1 , . . . , κm ) ∈ Rm
such that for all v ∈ X and all
 allocations Q = (q1 , . . . , qn ), if there exists an item i such that
n
n
∑ j=1 q j [i ] > κi , then ∑ j=1 v j q j − c ( Q) < 0.
Menus of two-part tariffs. Menus of two-part tariffs are a generalization of Example 6.1.1. The
seller offers the buyers ` different two-part tariffs and each buyer chooses the tariff and number
of units that maximizes his utility. If the prices are non-anonymous, then each buyer is presented
with a different menu of two-part tariffs.
Theorem 6.1.9. Let U =



uρ : ρ ∈ R2`

be the set of profit functions
corresponding
to the class of


2
anonymous length-` menus of two-part tariffs. The set U is 2`, O n (κ `)
-delineable. When the



prices are non-anonymous, the set is 2n`, O n (κ `)2 -delineable.
General non-linear pricing mechanisms. We study non-linear pricing under Wilson’s bundling
interpretation [189]: If the prices are anonymous, there is a price per quantity vector q denoted
ρ (q). Buyer j will purchase the bundle that maximizes v j (q) − ρ (q). If the prices are nonanonymous, there is a price per quantity vector q and buyer j ∈ [n] denoted ρ j (q).
Theorem 6.1.10. Let U be the set of profit functions corresponding to the class of anonymous non-linear
pricing mechanisms. Let K = ∏im=1 (κi + 1). The set U is K, nK2 -delineable. When the prices are
non-anonymous, the set is nK, nK2 -delineable.
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Item-pricing mechanisms
We now describe the application of Theorem 6.1.4 to anonymous and non-anonymous itempricing mechanisms. Under anonymous prices, the seller sets a price per item. Under nonanonymous prices, there is a buyer-specific price per item. We assume that there is some fixed
but arbitrary ordering on the buyers such that the first buyer in the ordering arrives first and
buys the bundle of goods that maximizes his utility, then the next buyer in the ordering arrives
and buys the bundle of remaining goods that maximizes his utility, and so on.
Theorem 6.1.11. Let U be the set of profit functions corresponding to the class of anonymous item-pricing
mechanisms with anonymous prices and additive buyers. The set U is (m, m)-delineable. When the prices
are non-anonymous, the set is is (nm, nm)-delineable.
Auctions
We now present applications of Theorem 6.1.4 to auctions.
Second price item auctions with item reserves. These auctions are only strategy proof for
additive bidders, so we restrict our attention to this setting. In the case of non-anonymous
reserves, there is a price ρ j (ei ) for each item i and each bidder j. The bidders submit bids on the
items. For each item i, the highest bidder j wins the item if her bid is above ρ j (ei ). She pays the
maximum of the second highest bid and ρ j (ei ). If the bidder with the highest bid bids below her
reserve, the item goes unsold. In the case of anonymous reserves, ρ1 (ei ) = ρ2 (ei ) = · · · = ρn (ei )
for each item i.
Theorem 6.1.12. Let U be the set of profit functions corresponding to the class of anonymous second-price
item auctions. The set U is (m, m)-delineable. If the prices are non-anonymous, the set is is (nm, m)delineable.
Mixed bundling auctions with reserve prices (MBARPs). MBARPs [179] are a variation on the
VCG mechanism with item reserve prices, with an additional fixed boost to the social welfare
of any allocation where some bidder receives the grand bundle. Recall that in a single-item
VCG auction (i.e., second-price auction) with a reserve price, the item is only sold if the highest
bidder’s bid exceeds the reserve price, and the winner must pay the maximum of the second
highest bid and the reserve price. To generalize this intuition to the multi-item case, we enlarge
the set of agents to include the seller, whose valuation for a set of items is the set’s reserve price.
An MBARP gives an additional additive boost to the social welfare of any allocation where some
bidder receives the grand bundle, and then runs the VCG mechanism over this enlarged set of
bidders. The allocation is the boosted social welfare maximizer and the payments are the VCG
payments on the boosted social welfare values. Importantly, the seller makes no payments, no
matter her allocation.
Formally, MBARPs are defined by a parameter γ ≥ 0 and m reserve prices ρ (e1 ) , . . . , ρ (em ).
Let λ be a function such that λ ( Q) = γ if some bidder receives the grand bundle under allocation
Q and 0 otherwise. For an allocation Q, let qQ be the items not allocated. Given a valuation vector
v, the MBARP allocation is


 n


Q∗ = (q1∗ , . . . , q∗n ) = argmax ∑ v j q j + ∑ ρ (ei ) + λ ( Q) − c ( Q) .
 j =1

i:q [i ]=1
Q
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Using the notation


−j

−j

Q − j = q1 , . . . , q n
bidder j pays
 
−j
∑ v` q` +
`6= j

∑

i:qQ− j [i ]=1



= argmax




`6∑
=j

v` (q` ) +

∑

ρ ( ei ) + λ ( Q ) − c ( Q )

i:qQ [i ]=1





ρ (ei ) + λ Q− j − c Q− j − ∑ v` (q∗` ) −
`6= j




,



∑

ρ ( ei ) − λ ( Q ∗ ) + c ( Q ∗ ) .

i:qQ∗ [i ]=1

Theorem 6.1.13. Let
 U be the set of profit functions corresponding to the class of MBARPs. The set U is
2m
m + 1, (n + 1)2 -delineable.
Affine maximizer auctions (AMAs). AMAs are an expressive mechanism class: Roberts [161]
proved that AMAs are the only ex post truthful mechanisms over unrestricted value domains.
Later, Lavi et al. [122] proved that under natural assumptions, every truthful multi-item auction
is an “almost” AMA, that is, an AMA for sufficiently high values. An AMA is defined by a
weight per bidder w j ∈ R>0 and a boost per allocation λ ( Q) ∈ R≥0 . By increasing any w j or
λ ( Q), the seller can increase bidder j’s bids or increase the likelihood that Q is the auction’s
∗
allocation. The AMA allocation
which maximizes
n Q is the one
o the weighted social welfare, i.e.,

n
∗
∗
∗
Q = (q1 , . . . , qn ) = argmax ∑ j=1 w j v j q j + λ ( Q) − c ( Q) . The payments have the same form
as the VCG payments,
with the

 parameters
n factored in to ensure truthfulness.
o Formally, using the
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Theorem 6.1.14. Let U be the set of profit functions corresponding to the class of AMAs. The set U is
O (n(n + 1)m ) , (n + 1)2m+1 -delineable.
Theorem 6.1.14 implies exponentially-many samples are sufficient to ensure that empirical
and expected profit are close. Balcan et al. [19] prove an exponential number of samples is also
necessary.
Virtual valuation combinational auctions (VVCAs) [128] are a special case of AMAs where
each λ ( Q) is split into n terms such that λ ( Q) = ∑nj=1 λ j ( Q) where λ j ( Q) = c j,q for all allocations Q that give bidder j exactly bundle q. We prove a similar theorem for VVCAs.
Theorem6.1.15. Let U be the set of profit functions corresponding to the class of VVCAs. The set U is
O n2 2m , (n + 1)2m+1 -delineable.
Finally, λ-auctions [102] are a special case of AMAs where the bidder weights equal 1.
Theorem 6.1.16. Let U be the set of profit functions corresponding to the class of λ-auctions. The set U
is (n + 1)m , (n + 1)2m+1 -delineable.
We now study two hierarchies of AMAs. In Section 6.1.6, we show how to learn which level
of the hierarchy optimizes the tradeoff between generalization and profit for the setting at hand.
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Q-boosted AMAs and λ-auctions. Let Q be a set of allocations. The set of Q-boosted AMAs
(resp., λ-auctions) consists of all AMAs (resp., λ-auctions) where only allocations in Q are
boosted. In other words, if λ ( Q) > 0, then Q ∈ Q.
Theorem
 6.1.17. Let U be the set of profit functions corresponding to the class of Q-boosted AMAs. The
set U is O (n (n + |Q|)) , (n + 1)2(m+1) -delineable.

6.1.5

Data-dependent generalization guarantees

In this section, we provide a data-dependent method of strengthening the results in Section 6.1.4
when the underlying distribution is “well-behaved.” This technique applies to bidders whose
values are drawn from item-independent distributions and mechanisms whose profit functions
decompose additively. For example, under item-pricing mechanisms, the profit function decomposes into the profit obtained from selling item 1, plus the profit obtained by selling item 2, and
so on. We obtain surprisingly strong guarantees in this setting: our bounds do not depend on
the number of items and under anonymous prices, they do not depend on the number of bidders
either.
To obtain our data-dependent guarantees, we move from pseudo-dimension to Rademacher
complexity (Section 2.2), which allows us to prove distribution-dependent generalization guarantees. This is the key advantage of Rademacher complexity over pseudo-dimension; pseudodimension implies generalization guarantees that are worst-case over the distribution whereas
Rademacher complexity implies distribution-dependent guarantees. We prove that this shift to
Rademacher complexity from pseudo-dimension is in fact necessary in order to obtain guarantees that are independent of the number of items (Theorem 6.1.22).
In the following corollary of Theorem 6.1.4, we show that if the profit functions of a class M
decompose additively into a number of simpler functions, then we can easily bound RbS (M)
using the Rademacher complexity of those simpler functions. We then demonstrate the power of
this corollary by proving stronger guarantees for many well-studied mechanism classes when the
bidders are additive and their valuations are drawn from item-independent distributions. This
includes bidders with values drawn from product distributions as a special case, which have
been extensively studied in the mechanism design literature (e.g., [16, 41, 42, 85, 93, 192]).
We say that a mechanism class parameterized by vectors ρ ∈ Rd decomposes additively if for
all ρ ∈ Rd , there exist T functions u1,ρ , . . . , u T,ρ such that the function uρ can be written as
uρ (·) = u1,ρ (·) + · · · + u T,ρ (·).
Corollary 6.1.18. Let U be the set of profit functions corresponding to a class
 of additively decomposable
mechanisms parameterized by vectors ρ ∈ Rd . Let Ui equal the set Ui = ui,ρ : ρ ∈ Rd . Suppose that
for all ρ ∈ Rd , the range of ui,ρ over the support of D is [0, Hi ] and that the class Ui is (di , ti )-delineable.
Then for any set of samples S ∼ D N ,
!
r
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d
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d
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RbS (U ) = O ∑ Hi
.
N
i =1
We now instantiate Corollary 6.1.18 for several mechanism classes.
Theorem 6.1.19. Let U be the set of profit functions corresponding to the class of second-price auctions
with anonymous reserves. Suppose the bidders are additive,
√ D is item-independent, and the cost function
N
b
is additive. For any set S ∼ D , RS (U ) = O H 1/N . When the reserves are non-anonymous,
p

RbS (U ) = O H n log n/N .
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The following theorem follows from the same logic as Theorem 6.1.19.
Theorem 6.1.20. Let U be the set of profit functions corresponding to the class of anonymous itempricing mechanisms. Suppose the bidders are additive, D √
is item-independent,
and the cost function is

N
b
additive. For any set of samples S ∼ D , RS (U ) = O H 1/N . When the prices are non-anonymous,
p

RbS (U ) = O H n log n/N .
Menus of item lotteries.
A length-`oitem lottery menu is a set of ` lotteries per item. The menu
n
(j )
(0) (1)
(`)
(0)
for item i is Mi = ρi , ρi , . . . , ρi
⊂ R2 , where ρi = 0. The buyer chooses one lottery ρi i
(j )

(j )

per menu Mi , receives each item i with probability ρi i [1], and pays ∑im=1 ρi i [2].
Theorem 6.1.21. Let U be the set profit functions corresponding to the class of length-` item lottery
menus. If the bidder is additive,
and the cost function is additive, then for any set
p D is item-independent,

S ∼ D N , RbS (U ) ≤ O H ` log `/N .
Finally, we prove lower bounds showing that one could not hope to prove the generalization
guarantees implied by Theorems 6.1.19 and 6.1.20 using pseudo-dimension alone.
Theorem 6.1.22. Let U be the set of profit functions corresponding to the class of anonymous item-pricing
mechanisms. The Pdim(U ) ≥ m. If the prices are non-anonymous, then Pdim(U ) ≥ nm. The same two
lower bounds hold when U is the set of profit functions corresponding to the classes of anonymous and
non-anonymous second-price auctions.

6.1.6

Structural profit maximization

In this section, we use our results from Section 6.1.4 to provide tools for optimizing the profitgeneralization tradeoff. Throughout this section, we will use the following notation: for a mechanism class M, let
 Uqbe the correspondingset of profit functions, and let eM ( N, δ) be defined

as eM ( N, δ) = O H N1 Pdim(U ) + ln 1δ . By Theorem 2.1.3, with probability 1 − δ over the


draw of the set S ∼ D N , for all functions uρ ∈ U , N1 ∑v∈S uρ (v) − Ev∼D uρ (v) ≤ eM ( N, δ).
We begin by demonstrating this profit-generalization tradeoff pictorially. For the sake of
illustration, suppose that M is a mechanism class that decomposes into a nested sequence of
subclasses M1 ⊆ · · · ⊆ Mt = M. For example, if M is the class of AMAs, then Mk could
be the class of all Q-boosted AMAs with |Q| = k. Prior work [19] gave uniform convergence
bounds for AMAs without taking advantage of the class’s hierarchical structure. We illustrate2
uniform convergence bounds in the left panel of Figure 6.3 with t = 4. On the x-axis, we illustrate
the intrinsic complexity of the nested subclasses which can be measured using a metric such as
pseudo-dimension. On the y-axis, for i = 1, 2, 3, 4, we illustrate the average profit over a fixed
set of samples S of the mechanism M̂i ∈ Mi that maximizes average profit (the solid line). In
particular, the dot on the solid line above Mi illustrates the average profit of M̂i . Since Mi ⊆ M j
for i ≤ j, the average profit of M̂i is at least as high as the average profit of M̂ j , which is why the
solid line is increasing. Similarly, the dot on the dotted line above Mi illustrates the expected
profit of M̂i . This dotted line begins decreasing when the complexity of the subclass grows to
the point that overfitting occurs: a mechanism’s average profit over the samples is no longer
indicative of its expected profit on the unknown distribution. We also plot the lower bound on
the expected profit of M̂i which is equal to the average profit of M̂i over the samples S minus
2 These

figures are purely illustrative; they are not based on a simulation or real data.
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Figure 6.3: An illustration of uniform generalization guarantees (left panel) versus stronger
complexity-dependent bounds (right panel) for a mechanism class M that decomposes into a
nested sequence of subclasses M1 ⊆ M2 ⊆ M3 ⊆ M4 . The x-axis is meant to measure each
subclass’s intrinsic complexity using a metric such as pseudo-dimension. Given a fixed set of
samples S , we plot the hypothetical average profit of the mechanism M̂i ∈ Mi that maximizes
average profit over the samples. Specifically, the dot on the solid line above Mi illustrates the
average profit of M̂i . Similarly, the dot on the dotted line above Mi illustrates the expected profit
of M̂i . The dashed-dotted line on the left panel illustrates the lower bound on expected profit
given by the uniform generalization guarantee, which equals the average profit of M̂i minus
eM ( N, δ). Meanwhile, the dashed-dotted line on the right panel illustrates the lower bound on
expected profit given by the complexity-dependent generalization guarantee, which equals the
average profit of M̂i minus eMi ( N, δ). We describe the figure in more detail in Section 6.1.6.
eM ( N, δ). Since the average profit of M̂i increases with i, this lower bound also increases with i,
so the mechanism designer may erroneously think that M̂4 is the best mechanism to field.
Our general theorem allows us to be more careful since we can easily derive bounds eMi ( N, δ)
for each class Mi . Then, we can spread the confidence parameter δ across all subsets M1 , . . . , Mt
using a weight function w : N → [0, 1] such that ∑ w (i ) ≤ 1. More formally, by a union
bound, we are guaranteed that with probability at least 1 − δ, for all mechanisms M ∈ M,
the difference between the average profit of M over the samples and expected profit of M is at
most mini:M∈Mi eMi ( N, δ · w (i )). This is illustrated in the right panel of Figure 6.3, where for i =
1, 2, 3, 4, the lower bound on the expected profit of M̂i is its average profit minus eMi ( N, δ · w (i )).
This complexity-dependent lower bound indicates when overfitting begins. By maximizing this
complexity-dependent lower bound on expected profit, the designer can correctly determine that
M̂2 is a better mechanism to field than M̂4 .
Both the decomposition of M into subsets and the choice of a weight function allow the
designer to encode his prior knowledge about the market. For example, if mechanisms in Mi
are likely more profitable than others, he can increase w (i ). The larger the weight w (i ) assigned
to Mi is, the larger δ · w (i ) is, and a larger δ · w (i ) implies a smaller eMi ( N, δ · w (i )), thereby
implying tighter guarantees.
We now present an application of this complexity-dependent analysis to item pricing. Market
segmentation is prevalent throughout daily life: movie theaters, amusement parks, and tourist
attractions have different admission prices per market segment, with groups such as Child, Student, Adult, and Senior Citizen. Formally, the designer can segment the buyers into k groups
and charge each group a different price. If k = 1, the prices are anonymous and if k = n, they
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are non-anonymous, thus forming a mechanism hierarchy. For k ∈ [n], let Mk be the class of
non-anonymous pricing mechanisms where there are k price groups. In other words, for all
mechanisms in Mk , there is a partition of the buyers B1 , . . . , Bk such that for all t ∈ [k ], all pairs
of buyers j, j0 ∈ Bt , and all items i ∈ [m], ρ j (ei ) = ρ j0 (ei ). We derive the following guarantee for
this hierarchy.

Theorem 6.1.23. Let U = uρ : ρ ∈ Rnm be the set of profit functions corresponding to the class of
non-anonymous item-pricing mechanisms over additive bidders. Let w : [n] → R be a weight function
such that ∑in=1 w (i ) ≤ 1. With probability at least 1 − δ over the draw of a set S ∼ D N , for any k ∈ [n]
and any mechanism in Mk with parameters ρ ∈ Rnm ,
s 
!


1
1
1
uρ (v) − E uρ (v) = O H
.
km log (nm) + ln
N v∑
N
δ · w (k)
v∼D
∈S
We also prove the following theorem for the hierarchy of AMAs defined by the classes of
Q-boosted AMAs. For an AMA M, let Q M be the set of all allocations Q such that λ ( Q) > 0.
Theorem 6.1.24. Let U be the set of profit functions corresponding to the class of AMAs. Let w be a
weight function that maps sets of allocations Q to [0, 1] such that ∑ w (Q) ≤ 1. With probability 1 − δ
over the draw of a set S ∼ D N , for any AMA M with parameters ρ,
s 
!


1
1
1
uρ (v) − E uρ (v) = O H
nm (n + |Q M |) ln n + ln
.
N v∑
N
δ · w (Q M )
v∼D
∈S

6.2 Social welfare maximization
A fundamental problem in economics is designing protocols that help groups of agents come to
collective decisions. For example, the literature on partnership dissolution [59, 137] investigates
questions such as: when a jointly-owned company must be dissolved, which partner should buy
the others out, and for how much? When a couple divorces or children inherit an estate, how
should they divide the property? How should a town decide which public projects to take on?
There is no one policy that best answers these questions; the optimal protocol depends on the
setting at hand. For example, splitting a family estate equally may seem “fair”, but it may be
impossible if the estate is not evenly divisible, and it may not be efficient if one family member
values the estate much more than another.
In this section, we study an infinite, well-studied family of mechanisms, each of which takes as
input a set of agents’ stated values for each possible outcome and returns one of those outcomes.
A mechanism can thus be thought of as an algorithm that the agents use to arrive at a single
outcome. This family is known as the class of neutral affine maximizers (NAMs) [140, 147, 161].
There several appealing properties that NAMs satisfy. First, each mechanism in this infinite class
is incentive compatible, which means that each agent is incentivized to report her values truthfully.
In other words, she cannot gain by lying. In order to satisfy incentive compatibility, each agent
may have to make a payment in addition to the benefit she accrues or loss she suffers from
the mechanism’s outcome. Otherwise, the agents could wildly misreport their valuations and
suffer no consequences. This raises the question: who should receive this payment? Should it
be split evenly among the agents? Should it be discarded? These questions motivate the second
property that the class of NAMs satisfies: budget balance. A mechanism is budget-balanced if the
aggregated payments are somehow distributed among the agents. A line of research [140, 147,
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161] has shown that under natural assumptions, every incentive-compatible, budget-balanced
mechanism is a NAM, roughly speaking.
We study a setting where there is a set {1, . . . , m} of m alternatives and a set of n agents.
Each agent i has a value vi ( j) ∈ R for each alternative j ∈ [m]. We denote all m of his values as
vi ∈ Rm and all n agents’ values as v = (v1 , . . . , vn ) ∈ Rnm .
A NAM takes as input a set of bids from each agent i. Since NAMs are incentive compatible,
we assume the bids equal the agents true values v. Every NAM is defined by a social choice
function and a set of payment functions. A social choice function f : Rnm → [m] uses the valuations
to choose an alternative f (v) ∈ [m]. Moreover, for each agent i ∈ [n], there is a payment function
pi : Rnm → R which maps the values v to a value pi (v) ∈ R that agent i either pays or receives
(if pi (v) > 0, then the agent pays that value, and if pi (v) < 0, then the agent receives that value).
A neutral affine maximizer mechanism [140, 147, 161], defined as follows, is incentive compatible and budget balanced (meaning that the sum of the agents’ payments equals zero: ∑in=1 pi (v) =
0).
Definition 6.2.1 (Neutral affine maximizer with sink agents). A neutral affine maximizer (NAM)
mechanism is defined by n parameters (one per agent) ρ = (ρ1 , . . . , ρn ) ∈ Rn≥0 such that at
least one agent is assigned a weight of zero ({i : ρi = 0} 6= ∅). The social choice function is
defined as f ρ (v) = argmax j∈[m] ∑in=1 ρi vi ( j). Let j∗ = f ρ (v) and for each agent i, let j−i =
argmax j∈[m] ∑i0 6=i ρi0 vi0 ( j). The payment function is defined as
 

1
∗) − n ρ 0 v 0 (j )

0
0
ρ
v
j
(

∑i 0 6 =i i i −i
 ρi ∑ i 0 6 =i i i
pi ( v ) = − ∑i 0 6 =i pi 0 ( v )


0

if ρi 6= 0
if i = min {i0 : ρi0 = 0}
otherwise.

Each agent i such that ρi = 0 is known as sink agents because his values do not influence the
outcome.
Our high-level goal is to find a NAM that nearly maximizes the expected social welfare
vi ( j∗ )). The expectation is over the draw of a valuation vector v ∼ D . Thus we define

(∑in=1

n

uρ (v) =

∑ vi ( j ∗ )

(6.1)

i =1

where j∗ = argmax j∈[m] ∑in=1 ρi vi ( j). We prove that for any fixed valuation vector v, utility is a
piecewise constant function of the parameters ρ. This implies the following pseudo-dimension
bound.

Theorem 6.2.2. Let U be the set of functions U = uρ | ρ ∈ R≥0 , {ρi | i = 0} 6= ∅ where uρ is defined
by Equation (6.1). The pseudo-dimension of U is O(n ln(nm)).
We also prove that the pseudo-dimension of U is n2 , which means that our pseudo-dimension
upper bound is tight up to log factors.

Theorem 6.2.3. Let U be the set of functions U = uρ | ρ ∈ Rn≥0 , {ρi | i = 0} 6= ∅ where uρ is defined
by Equation (6.1). The pseudo-dimension of U is at least n2 .
The results in this section are joint work with Nina Balcan, Dan DeBlasio, Travis Dick, Carl
Kingsford, and Tuomas Sandholm [25].
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Chapter 7

A general theory of sample complexity for algorithm configuration

In this section, we present a general theory which unifies our results so far in this proposal.
Throughout this proposal, we have analyzed algorithms parameterized by some set P ⊆ Rd
of vectors. We have bounded the pseudo-dimension of the class of functions uρ : Z → R that
measures, abstractly, the performance of the algorithm parameterized by ρ ∈ P on input problem
instances from a set Z . In turn, classic results from learning theory allow us to use pseudodimension in order to derive sample complexity guarantees, as demonstrated in Chapter 2.

As we have seen in the previous chapters, the class U = uρ : ρ ∈ P is gnarly, so bounding
its pseudo-dimension is not straight-forward. For example, in the case of integer programming
algorithm configuration (Chapter 3), the domain of every function in U consists of integer programs, so it is unclear how to visualize or plot these functions, and there are no obvious notions
of Lipschitzness or smoothness to rely on.
Rather than analyze the functions uρ directly, we have seen that it can be enlightening to
analyze the algorithm’s performance as a function of ρ on a fixed input z. We refer to this function
as a dual function. The dual functions have a simple, Euclidean domain (namely, P ⊆ Rd ), they
are typically easy to visualize and plot, and they often have ample structure we can use to bound
the intrinsic complexity of the class U . For example, in most of the preceding chapters, we
have seen that the dual functions are piecewise-constant or -linear. Broadly speaking, these dual
functions are piecewise-structured. In this chapter, we define what it means for a dual function
class to be piecewise-structured, and we provide pseudo-dimension guarantees for any algorithm
family exhibiting this structure. Surprisingly, this abstraction does not introduce any slack: we
are able to match all pseudo-dimension bounds proven thus far in this proposal.
The results in this chapter are joint work with Nina Balcan, Dan DeBlasio, Travis Dick, Carl
Kingsford, and Tuomas Sandholm [25].

7.1 Problem statement
We assume there is an application-specific distribution D over problem instances in Z . Our
goal is to find a parameter vector in P with high performance in expectation over the distribution D . As one step in this process, we analyze the number of samples necessary for uniform convergence to hold. Specifically, for any e, δ ∈ (0, 1) and any distribution D over problem instances, we bound the number N of samples sufficient to ensure that with probability at
least 1 − δ over the draw of N samples S = {z1 , . . . , z N } ∼ D N , uniformly for all parameters
ρ ∈ P , the difference between the average utility of ρ and the expected utility of ρ is at most e:
∑iN=1 uρ (zi ) − Ez∼D [uρ (z)] ≤ e. Classic results from learning theory guarantee that if uniform
convergence
holds
and ρ̂ is o
a parameter vector that maximizes average utility over the samples

n
1
N

ρ̂ ∈ argmax

1
N

∑iN=1 uρ (zi )

, then ρ̂ is nearly optimal in expectation as well. In particular,

with probability at least 1 − δ over the draw S ∼ D N , maxρ∈P Ez∼D [uρ (z)] − Ez∼D [uρ̂ (z)] ≤ 2e.
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(a) The arrows indicate on which side of each
linear separator g(i) we have that g(i) (ρ) = 0
and on which side g(i) (ρ) = 1. For example,
g(1) (ρ1 ) = 1, g(1) (ρ2 ) = 1, and g(1) (ρ3 ) = 0.

(b) The arrows indicate on which side of
each polynomial separator g(i) we have that
g(i) (ρ) = 0 and on which side g(i) (ρ) = 1. For
example, g(1) (ρ1 ) = 1 and g(1) (ρ2 ) = 0.

Figure 7.1: Figures 7.1a and 7.1b illustrate boundary functions partitioning R2 .

7.2 Dual functions
Dual classes have been studied before in learning theory, beginning with research by Assouad
[11], but never in the context of algorithm configuration. Below, we formally define the class of
dual functions, adapted to our setting.

Definition 7.2.1 (Dual class). The dual class of U = uρ : ρ ∈ P is defined as

U ∗ = {u∗z : U → R | z ∈ Z }

where u∗z uρ = uρ (z). Each function u∗z ∈ U ∗ fixes an input z ∈ Z and maps each function
uρ ∈ U to uρ (z). We refer to the class U as the primal class.
Each dual function u∗z measures algorithmic performance as a function of the parameter
vector ρ (or equivalently, as a function of uρ ) on the fixed input z ∈ Z .

7.3 General theory of sample complexity for algorithm configuration
In this proposal, we show that a large number of algorithm configuration problems share a clearcut, useful structure: for each problem instance z ∈ Z , the function u∗z is a piecewise structured.
For example, each function u∗z might be a piecewise-constant function of ρ with a small number
of pieces. We use this piecewise structure of the dual class to bound the pseudo-dimension of
the primal class U . We then apply Theorem 2.1.3 to bound the number of samples sufficient to
ensure that uniform convergence holds.
Before stating our main result, we introduce notation that we will use to more formally define
the notion of piecewise-structured functions. Let h : X → R be a function mapping an abstract
domain X to the real line. Intuitively, the function h is piecewise structured if we can partition
the domain X into subsets X1 , . . . , Xm such that when we restrict h to a single piece Xi , h equals
some piece-specific function f : X → R. In other words, for all x ∈ Xi , h( x ) = f ( x ). We describe
the partition X1 , . . . , Xm using a collection of boundary functions g(1) , . . . , g(k) : X → {0, 1}. Each
boundary function g(i) divides the domain X into two sets: the points it labels 0 and the points
it labels 1. Figure 7.1 illustrates two partitions of R2 by boundary functions. Together, the k
boundary functions partition the domain X into at most 2k regions, each one corresponding to
a bit vector b ∈ {0, 1}k describing on which side of each boundary the region belongs. For each
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Figure 7.2: Example of a piecewise structured function. Here there are two functions that partition
the space into 4 regions, and within each region the function value stays constant.
region, we specify a piece function f b : X → R defining the function values of h restricted to that
region, where b ∈ {0, 1}k is the bit vector describing
the region. More
formally, the function


(
1
)
(
k
)
h can be written as h( x ) = f bx ( x ), where b x = g ( x ), . . . , g ( x ) ∈ {0, 1}k is the bit vector
identifying the region in the partition containing the element x. Figure 7.2 shows an example of
a piecewise-structured function with two boundary functions and four piece functions.
In many algorithm configuration problems, every function in the dual class is piecewise
structured. Moreover, across dual functions, the corresponding boundary functions come from a
single, fixed class, as do the piece functions. For example, the boundary functions might always
be halfspace indicator functions, while the piece functions might always be linear functions. The
following definition formalizes this structure.
Definition 7.3.1 ((F , G , k )-piecewise decomposable). A class of functions H ⊆ RX mapping some
domain X to R is (F , G , k )-piecewise decomposable for a class G ⊆ {0, 1}X of boundary functions
and a class F ⊆ RX of piece functions if the following holds: for every function h ∈ H, there
exist k boundary functions g(1) , . . . , g(k) ∈ G and a piece function
f b ∈ F for each
bit vector


b ∈ {0, 1}k such that for all x ∈ X , h( x ) = f bx ( x ), where b x = g(1) ( x ), . . . , g(k) ( x ) ∈ {0, 1}k .

Our main theorem shows that whenever a class Q of functions has a (F , G , k )-piecewise
decomposable dual function class Q∗ , we can bound the pseudo-dimension of Q in terms of the
VC-dimension of G ∗ and the pseudo-dimension of F ∗ . In other words, if the boundary and piece
functions both have dual classes with low complexity, then the pseudo-dimension of Q is small.
In Section 7.4, we show that for many common boundary and piece classes F and G , we can
easily bound the complexity of their dual classes.
Theorem 7.3.2 (Main sample complexity theorem). Let Q ⊆ RY be a class of functions mapping an
abstract domain Y to the real line. Suppose that the dual function class Q∗ is (F , G , k )-decomposable with
boundary functions G ⊆ {0, 1}Q and piece functions F ⊆ RQ . Denote the VC-dimension of G ∗ as dG ∗
and the pseudo-dimension of F ∗ as dF ∗ . The pseudo-dimension of Q is bounded as follows:
Pdim(Q) ≤ 4 (dF ∗ + dG ∗ ) ln (4ek (dF ∗ + dG ∗ )) .
 Relating these concepts back to algorithm configuration, Q equals the function class U =
uρ | ρ ∈ P , where every function in Q is defined by a set of parameters ρ and maps problem
instances z to real-valued utilities uρ (z). Moreover, the dual class Q∗ is equivalent to the function
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(a) Constant function (zero oscillations).

(b) Linear function (one oscillation).

(c) Inverse-quadratic function
(two oscillations).

Figure 7.3: Examples of functions with bounded oscillations. Each solid line is a function with
bounded oscillations and each dotted line represents an arbitrary threshold.
class {u∗z | z ∈ Z }. Every function in Q∗ is defined by a problem instance z and maps functions
uρ (or equivalently, parameters ρ) to utilities u∗z uρ = uρ (z).

7.4 Applications of main theorem to representative function classes
In this section, we instantiate our main result, Theorem 7.3.2, in settings inspired by algorithm
configuration problems.

7.4.1

One-dimensional functions with a bounded number of oscillations


Let U = uρ | ρ ∈ P ⊆ R be a class of utility functions defined over a single-dimensional parameter space. We often find that the dual class contains functions that are piecewise constant, linear, or polynomial in the parameter. More generally, the functions in the dual class are
piecewise-structured, and we can guarantee that the structured functions oscillate a fixed number of times. In the language of decomposability, this means that the dual function class U ∗ is
(F , G , k)-decomposable, where the boundary functions G ⊆ {0, 1}U are thresholds and the piece
functions F ⊆ RU oscillate a bounded number of times, as we formalize below.
Definition 7.4.1. We say that a function h : R → R has at most B oscillations if for every θ ∈ R,
the function ρ 7→ I{h(ρ)≥θ } is piecewise constant with at most B discontinuities.
For example, constant functions have zero oscillations (see Figure 7.3a), linear functions have
one oscillation (see Figure 7.3b), and inverse-quadratic functions (of the form h( x ) = xa2 + bx + c)
have at most two oscillations (see Figure 7.3c). Throughout this thesis, we analyze piecewisestructured functions whose the piece functions come from these three families. For example,
in the case of integer programming, we analyzed dual functions that are piecewise constant
(Chapter 3) and piecewise inverse-quadratic (Chapter 4). The computational biology algorithms
(Chapter 5) and social-welfare maximizing mechanisms (Section 6.2) we analyzed have piecewise
constant dual functions. The results in this section recover our guarantees from all of those
settings.
In the following lemma, we bound the pseudo-dimension of classes with bounded oscillations.
Lemma 7.4.2. Let H be a class of functions mapping R to R, each of which has at most B oscillations.
Then Pdim(H∗ ) = O(ln B).
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Lemma 7.4.2 implies the following pseudo-dimension bound for the case where the dual
function class U ∗ is (F , G , k )-decomposable, where the boundary functions G ⊆ {0, 1}U are
thresholds and the piece functions F ⊆ RU oscillate a bounded number of times.

Corollary 7.4.3. Let U = uρ | ρ ∈ P ⊆ R be a class of utility functions defined over a singledimensional parameter space. Suppose the dual function class U ∗ is (F , G , k )-decomposable, where the
boundary functions G = { f a : U → {0, 1} | a ∈ R} are thresholds ga : uρ 7→ I{a≤ρ} . Moreover,

suppose that for each function f ∈ F , the function ρ 7→ f uρ has at most B oscillations. Then
Pdim(U ) = O(ln( B) ln(k ln( B))).

7.4.2

Multi-dimensional piecewise linear functions

Generalizing to multi-dimensional parameter spaces, we often find that the boundary functions
correspond to halfspace thresholds and the piece functions correspond to constant or linear
functions. We handle this case in the following lemma.

Lemma 7.4.4. Let U = uρ | ρ ∈ P ⊆ Rd be a class of utility functions defined over a d-dimensional
parameter space. Suppose the dual function class U ∗ is (F , G , k )-decomposable, where the boundary
functions G = f a,θ : U → {0, 1} | a ∈ Rd , θ ∈ R are halfspace thresholds ga,θ : uρ 7→ I{a·ρ≤θ } and

the piece functions F = f a,θ : U → R | a ∈ Rd , θ ∈ R are linear functions f a,θ : uρ 7→ a · ρ + θ.
Then Pdim(U ) = O(d ln(dk)).
This lemma recovers our guarantees from Chapter 3, where we studied integer programming
algorithms, and Section 6.1, where we studied revenue maximizing mechanisms.
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Chapter 8

Data-dependent guarantees

In this chapter, we observe that for some configuration problems, the dual functions may not
be piecewise-structured themselves (as in the previous chapter), can be closely approximated by
“simple” functions, as in Figure 8.1. This raises the question: can we exploit this structure to
provide strong generalization guarantees? We show that if the dual functions are approximated
by simple functions under the L∞ -norm (meaning the maximum distance between the functions
is small), then we can provide strong generalization guarantees. However, this is no longer true
when the approximation only holds under the L p -norm for p < ∞: we present a set of functions
whose duals are well-approximated by a simple constant function under the L p -norm, but which
are not learnable.
We provide an algorithm that finds approximating simple functions in the following widelyapplicable setting: the dual functions are piecewise-constant with a large number of pieces, but
can be approximated by simpler piecewise-constant functions with few pieces, as in Figure 8.1.
In our experiments, we demonstrate significant practical implications of our analysis. We configure CPLEX, one of the most widely-used integer programming solvers. Integer programming
has diverse applications throughout science. In Chapter 3, we showed that the dual functions
associated with various CPLEX parameters are piecewise constant and provide generalization
bounds that grow with the number of pieces. However, the number of pieces can be so large
that these bounds can be quite loose. We show that these dual functions can be approximated
under the L∞ -norm by simple functions (as in Figure 8.1), so our theoretical results imply strong
generalization guarantees. In our experiments, we demonstrate that in order to obtain the same
generalization bound, the training set size required under our analysis is up to 700 times smaller
than that of Chapter 3. Improved sample complexity guarantees imply faster learning algorithms,
since the learning algorithm needs to analyze fewer training instances.
The results in this section are joint work with Nina Balcan and Tuomas Sandholm and appeared in ICML 2020 [29].

8.1 Notation and background
8.1.1

Integer programming algorithm configuration

We use integer programming algorithm configuration as a running example, though our results
are much more general. In this section, we briefly recall the integer programming algorithm
configuration problem from Chapter 3. An integer program (IP) is defined by a matrix A ∈ Rm×n ,
a constraint vector b ∈ Rm , an objective vector c ∈ Rn , and a set of indices I ⊆ [n]. The goal is to
find a vector x ∈ Rn such that c · x is maximized, subject to the constraints that Ax ≤ b and for
every index i ∈ I, x [i ] ∈ {0, 1}.
In our experiments, we tune the parameters of branch-and-bound (B&B) [119], the most
widely-used algorithm for solving IPs. It is used under the hood by commercial solvers such
as CPLEX and Gurobi. We provide a brief, high-level overview of B&B, and refer the reader to
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Figure 8.1: Examples of dual functions uz : R → R (solid blue lines) which are approximated by
simpler functions wz (dotted black lines).
the textbook by Nemhauser and Wolsey [148] for more details. B&B builds a search tree to solve
an input IP z. At the tree’s root is the original IP z. At each round, B&B chooses a leaf of the
search tree, which represents an IP z0 . It does so using a node selection policy; common choices
include depth- and best-first search. Then, it chooses an index i ∈ I using a variable selection
policy. It next branches on x [i ]: it sets the left child of z0 to be that same integer program z0 , but
with the additional constraint that x [i ] = 0, and it sets the right child of z0 to be that same integer
program, but with the additional constraint that x [i ] = 1. It solves both LP relaxations, and if
either solution satisfies the integrality constraints of the original IP z, it constitutes a feasible
solution to z. B&B fathoms a leaf—which means that it never will branch on that leaf—if it can
guarantee that the optimal solution does not lie along that path. B&B terminates when it has
fathomed every leaf. At that point, we can guarantee that the best solution to z found so far is
optimal. In our experiments, we tune the parameters of the variable selection policy, which we
describe in more detail in Section 8.2.2.
In keeping with Chapter 3, we define uρ (z) to be 0 minus the size of the B&B tree CPLEX
builds given the parameter setting ρ and input IP z, normalized to fall in [−1, 0]. The learning
algorithms we study take as input a training set of IPs sampled from D and return a parameter
vector. Since our goal is to minimize tree size, ideally, the size of the trees CPLEX builds using
that parameter setting should be small in expectation over D .

8.1.2

Dual functions


Our goal is to provide generalization guarantees for a function class U = uρ | ρ ∈ P , where
P ⊆ Rd is a set of parameters and each function uρ maps a set of problem instances Z to [0, 1].
To do so, we use structure exhibited by the dual function class, where each dual function measures
algorithmic performance as a function of the parameters. In this chapter, we slightly simplify the
notation from Section 7.2 as follows: every function in the dual class is defined by an element
z ∈ Z , denoted uz : P → [0, 1]. Naturally, uz (ρ) = uρ (z). The dual class U ∗ = {uz | z ∈ Z } is the
set of all dual functions.
The dual functions are intuitive in our integer programming example. For any IP z, the dual
function uz measures the size of the tree CPLEX builds (normalized to lie in the interval [0, 1])
when given x as input, as a function of the CPLEX parameters.
In Chapter 7, we showed that when the dual functions are piecewise-simple—for example,
they are piecewise-constant with a small number of pieces—it is possible to provide strong generalization bounds. In many settings, however, we find that the dual functions themselves are
not simple, but are approximated by simple functions, as in Figure 8.1. We formally define this
concept as follows.
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Definition 8.1.1 ((γ, p)-approximate). Let U = uρ | ρ ∈ P and W = wρ | ρ ∈ P be two sets
of functions mapping Z to [0, 1]. We assume that all dual functions uz and wz are integrable over
the domain P . We say that the dual class W ∗ (γ, p)-approximates the dual class U ∗ if for every
p
element z, the distance between the functions
qR uz and wz is at most γ under the L -norm. For
p ∈ [1, ∞), this means that kuz − wz k p := p R |uz (ρ) − wz (ρ)| p dρ ≤ γ and when p = ∞, this
means that kuz − wz k∞ := supρ∈P |uz (ρ) − wz (ρ)| ≤ γ.

8.2 Learnability and approximability
In this section, we investigate the connection between learnability and approximability. In Section 8.2.1, we prove that when the dual functions are approximable under the L∞ -norm by simple
functions, we can provide strong generalization bounds. In Section 8.2.2, we empirically evaluate
these improved guarantees in the context of integer programming. Finally, in Section 8.2.3, we
prove that it is not possible to provide non-trivial generalization guarantees (in the worst case)
when the norm under which the dual functions are approximable is the L p -norm for p < ∞.

8.2.1

Data-dependent generalization guarantees

We now show that if the dual class U ∗ is (γ, ∞)-approximated by the dual of a “simple” function
class W , we can provide strong generalization bounds for the class U . Specifically, we show that
if the dual class U ∗ is (γ, ∞)-approximated by the dual of a class W with small Rademacher
complexity, then the Rademacher complexity of U is also small.


Theorem 8.2.1. Let U = uρ | ρ ∈ P and W = wρ | ρ ∈ P consist of functions mapping Z to
1
[0, 1]. For any S ⊆ Z , RbS (U ) ≤ RbS (W ) + |S|
∑ x∈S kuz − wz k∞ .
If the class W ∗ (γ, ∞)-approximates the class U ∗ , then

DN,

1
|S|

∑ x∈S kuz − wz k∞ is at most γ. If
then the bound on RbS (U ) in Theorem 8.2.1

this term is smaller than γ for most sets S ∼
will often be even better than RbS (W ) + γ.
Theorems 2.2.2 and 8.2.1 imply that with probability 1 − δ over the draw of the set S ∼ D N ,
for all parameter vectors ρ ∈ R, the difference
between the empirical average
value of f ρ over

q 
S and its expected value is at most Õ N1 ∑ x∈S kuz − wz k∞ + RbS (W ) + N1 . In our integer

programming experiments, we show that this data-dependent generalization guarantee can be
much tighter than the best-known worst-case guarantee.
Algorithm for finding approximating functions. We provide a dynamic programming (DP)
algorithm for the widely-applicable case where the dual functions uz are piecewise constant with
a large number of pieces. Given an integer k, the algorithm returns a piecewise-constant function
wz with at most k pieces such that kuz − wz k∞ is minimized, as in Figure 8.1. As we describe
in Section 8.2.2, when k and kuz − wz k∞ are small, Theorem 8.2.1 implies strong guarantees. We
use this DP algorithm in our integer programming experiments.
Structural risk minimization. Theorem 8.2.1 illustrates a fundamental tradeoff in machine
learning. The simpler the class W , the smaller its Rademacher complexity, but (broadly speaking) the worse functions from its dual will be at approximating functions in U ∗ . In other words,
1
the simpler W is, the worse the approximation |S|
∑ x∈S kuz − wz k∞ will likely be. Therefore,
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there is a tradeoff between generalizability and approximability. It may not be a priori clear how
to balance this tradeoff. Structural risk minimization (SRM) is a classic, well-studied approach for
optimizing tradeoffs between complexity and generalizability which we use in our experiments.
Our SRM approach is based on the following corollary of Theorem
8.2.1. Let W1 , W2 , W3 , . . .

be a countable sequence of function classes where each W j = w j,ρ | ρ ∈ P is a set of functions
mapping Z to [0, 1]. We use the notation w j,z to denote the duals of the functions in W j , so
w j,z (ρ) = w j,ρ (z).
Corollary 8.2.2. With probability 1 − δ over the draw of the set S ∼ D N , for all ρ ∈ P and all j ≥ 1,
1
N

E
∑ uρ (z) − z∼D

z∈S



uρ (z)



= Õ

1
N

∑

r
uz − w j,z

z∈S

∞

+ RbS W j +


1
N

!
.

(8.1)

In our experiments, each dual class W j∗ consists of piecewise-constant functions with at most
j pieces. This means that as j grows, the class W j∗ becomes more complex, or in other words, the

Rademacher complexity RbS W j also grows. Meanwhile, the more pieces a piecewise-constant
function wz has, the better it is able to approximate the dual function uz . In other words, as j
grows, the approximation term N1 ∑ x∈S uz − w j,z ∞ shrinks. SRM is the process of finding the
level j in the nested hierarchy that minimizes the sum of these two terms, and therefore obtains
the best generalization guarantee via Equation (8.1).
Remark 8.2.3. We conclude by noting that the empirical average


tion (8.1) can be replaced by the expectation Ez∼D uz − w j,z ∞ .

8.2.2

1
N

∑z∈S uz − w j,z

∞

in Equa-

Improved integer programming guarantees

In this section, we demonstrate that our data-dependent generalization guarantees from Section 8.2.1 can be much tighter than worst-case generalization guarantees provided in prior research. We demonstrate these improvements in the context of integer programming algorithm
configuration, which we introduced in Section 8.1.1. Our formal model is the same as that
from Chapter 3, where we studied worst-case generalization guarantees. Each element of the
set Z is an IP. The set P consists of CPLEX parameter settings. We assume there is an upper bound κ̄ on the size of the largest tree we allow B&B to build before we terminate, as in
prior research [21, 101, 109, 110]. In the full version of the paper, we describe our methodology for choosing κ̄. Given a parameter setting ρ and an IP z, we define uρ (z) to be the size of
the tree
 CPLEX builds, capped at κ̄, divided by κ̄ (this way, uρ (z) ∈ [0, 1]). We define the set
U = uρ | ρ ∈ P .
We tune the parameter of B&B’s variable selection policy (VSP). We described the purpose
of VSPs in Section 8.1.1. We study score-based VSPs, defined as follows. Let score be a function
that takes as input a partial B&B tree T , a leaf of T representing an IP z, and an index i ∈
[n], and returns a real-valued score(T , z, i ). Let V be the set of variables that have not been
branched on along the path from the root of T to z. A score-based VSP branches on the variable
argmaxx[i]∈V {score(T , z, i )} at the node z.
We study how to learn a high-performing convex combination of any two scoring rules. We
focus on four scoring rules in our experiments. To define them, we first recall some notation (first
defined in Chapter 3). For an IP z with objective function c · x, we denote an optimal solution
to the LP relaxation of z as x̆z = ( x̆z [1], . . . x̆z [n]). We also use the notation c̆z = c · x̆z . Finally,
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we use the notation zi+ (resp., zi− ) to denote the IP z with the additional constraint that x [i ] = 1
(resp., x [i ] = 0).1
We study four scoring rules score L and scoreS , score A , and scoreP :
n
o
• score L (T , z, i ) = max c̆z − c̆z+ , c̆z − c̆z− . Under score L , B&B branches on the variable leadi
i
ing to the Largest change in the LP objective value.
n
o
• scoreS (T , z, i ) = min c̆z − c̆z+ , c̆z − c̆z− . Under scoreS , B&B branches on the variable leadi
i
ing to the Smallest change.
• score A (T , z, i ) = 61 score L (T , z, i ) + 56 scoreS (T , z, i ). This is a scoring rule that Achterberg
[2] recommended. It balances the optimistic approach to branching under score L with the
pessimistic approach under scoreS .
n
o
n
o
• scoreP (T , z, i ) = max c̆z − c̆z+ , 10−6 · max c̆z − c̆z− , 10−6 . This is known as the Product
i

i

scoring rule. Comparing c̆z − c̆z− and c̆z − c̆z+ to 10−6 allows the algorithm to compare two
i
i
variables even if c̆z − c̆z− = 0 or c̆z − c̆z+ = 0. After all, suppose the scoring rule simply
i
i

 

calculated the product c̆z − c̆z− · c̆z − c̆z+ without comparing to 10−6 . If c̆z − c̆z− = 0,
i
i
i
then the score equals 0, canceling out the value of c̆z − c̆z+ and thus losing the information
i
encoded by this difference.
Fix any two scoring rules score1 and score2 . We define uρ (z) to be 0 minus the size of the
tree B&B builds (normalized to lie in [−1, 0]) when it uses the score-based VSP defined by (1 −
ρ)score1 + ρscore2 . Our goal is to learn the best convex combination of the two scoring rules.
When score1 = score L and score2 = scoreS , prior research has proposed several alternative settings
for the parameter ρ [2, 32, 33, 81, 130], though no one setting is optimal across all applications.
Lemma 3.3.5 from Chapter 3 implies the following worst-case generalization bound: with
probability 1 − δ over the draw of N samples S ∼ D N , for all ρ ∈ [0, 1],
s
1
N

E
∑ uρ (z) − z∼D

z∈S



uρ (z)



≤2

r

2 ln( N n2(κ̄ +1) − 1 + 1)
1
2
+3
ln .
N
2N δ

(8.2)

This worst-case bound can be large when κ̄ is large. We find that although the duals uz are
piecewise-constant with many pieces, they can be approximated piecewise-constant functions
with few pieces, as in Figure 8.1. As a result, we improve over Equation (8.2) via Theorem 8.2.1,
our data-dependent bound.
To make use of Theorem 8.2.1, we now formally define the function class whose dual (γ, ∞)approximates U ∗ . We first define the dual class, then the primal class. To this end, fix some
integer j ≥ 1 and let H j be the set of all piecewise-constant functions mapping [0, 1] to [−1, 0]
with at most j pieces. For every IP z, we define w j,z ∈ argminh∈H j kuz − hk∞ , breaking ties in
some fixed but arbitrary manner.
The function w j,z can be found via dynamic programming. We

define the dual class W j∗ = w j,z | z ∈ Z . Therefore, the dual class W j∗ is consists of piecewiseconstant functions with at most j pieces. In keeping with the definition of primal and dual
functions from Section 8.1.2, for every parameter
ρ ∈ [0, 1] and IP z, we define w j,ρ ( x ) = w j,z (ρ).

Finally, we define the primal class W j = w j,ρ | ρ ∈ [0, 1] .
1 If z+
i

(resp., zi− ) is infeasible, then we define c̆z − c̆z+ (resp., c̆z − c̆z− ) to be some large number greater than ||c||1 .
i

i
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To apply our results from Section 8.2.1, we must bound the Rademacher complexity of the
set W j . Doing so is simple due to the structure of the dual class W j∗ .
 q 2 ln(|S|( j−1)+1)
b
Lemma 8.2.4. For any set S ⊆ Z of integer programs, RS W j ≤
.
|S|
This lemma together with Remark 8.2.3 and Corollary 8.2.2 imply that with probability
1−δ

1
N
over S ∼ D , for all parameters ρ ∈ [0, 1] and j ≥ 1, N ∑z∈S uρ (z) − Ez∼D uρ (z) is upperbounded by the minimum of Equation (8.2) and
r
r
2 ln( N ( j − 1) + 1)
2
2(πj)2
2γ j + 2
+
ln
,
(8.3)
N
N
3δ



where γ j = Ez∼D uz − w j,z ∞ . As j grows, RbS W j grows, but the dual class W j∗ is better
able to approximate U ∗ . In our experiments, we optimize this tradeoff between generalizability
and approximability.
Experiments. We analyze distributions over IPs formulating the combinatorial auction winner
determination problem under the OR-bidding language [169], which we generate using the Combinatorial Auction Test Suite (CATS) [124]. We use the “arbitrary” generator with 200 bids and
100 goods, resulting in IPs with 200 variables, and the “regions” generator with 400 bids and 200
goods, resulting in IPs with 400 variables.
We use the same code as in Chapter 3 to compute the functions uz . It overrides the default
VSP of CPLEX 12.8.0.0 using the C API. All experiments were run on a 64-core machine with 512
GB of RAM.
In Figures 8.2a-8.2c, we select score1 , score2 ∈ {score L , scoreS , score A , scoreP } and compare the
worst-case and data-dependent bounds. First, we plot the worst-case bound from Equation (8.2),
with δ = 0.01, as a function of the number of training examples N. This is the black, dotted line
in Figures 8.2a-8.2c.
Next, we plot the data-dependent bound, which is the red, solid line in Figures
 8.2a-8.2c. To
calculate the data-dependent bound in Equation (8.3), we have to estimate Ez∼D uz − w j,z ∞
2
for all j ∈ [1600
. , z M from the distribution D . We es ]. To do so,
 we draw M = 6000 IPs z11 , . . M
timate Ez∼D uz − w j,z ∞ via the empirical average M ∑i=1 uzi − w j,zi ∞ . A Hoeffding bound
guarantees that with probability 0.995, for all j ∈ [1600],
E



uz − w j,z

∞



≤

1 M
uzi − w j,zi
M i∑
=1

∞

+

1
.
40

(8.4)

With thereby estimate our data-dependent bound Equation (8.3) using Equation (8.5), below:
!
)
(
r
r
1 M
1
2 ln( N ( j − 1) + 1)
2
(20πj)2
+2
+
ln
.
(8.5)
min 2
uzi − w j,zi ∞ +
M i∑
40
N
N
3
j∈[1600]
=1
The only difference between these bounds is that Equation (8.3) relies on the left-hand-side of
Equation (8.4) and Equation (8.5) relies on the right-hand-side of Equation (8.4) and sets δ =
0.005.3 In Figures 8.2a-8.2c, the red solid line equals the minimum of Equations (8.2) and (8.5) as
a function of the number of training examples N.
choose the range j ∈ [1600] because under these distributions, the functions uz generally have at most 1600
pieces.
3 Like the worst-case bound, Equation (8.5) holds with probability 0.99, because with probability 0.995, Equation (8.4) holds, and with probability 0.995, the bound from Equation (8.3) holds.
2 We
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(a) Results using SRM on the CATS “regions”
generator with score1 = score L and score2 =
scoreS .

(b) Results using SRM on the CATS “arbitrary”
generator with score1 = score L and score2 =
scoreS .

(c) Results using SRM on the CATS “arbitrary”
generator with score1 = scoreP and score2 =
score A .

Figure 8.2: Experimental results.
In Figures 8.2a, 8.2b, and 8.2c, we see that our bound significantly beats the worst-case bound
up until the point there are approximately 100,000,000 training instances. At this point, the
worst-case guarantee is better than the data-dependent bound, which makes sense because it
1
1
goes to zero as N goes to infinity, whereas the term M
∑iM
=1 uzi − w j,zi ∞ + 40 in our bound
(Equation (8.5)) is a constant.
Figures 8.2a-8.2c also demonstrate that even when there are only 105 training instances, our
bound provides a generalization guarantee of approximately 0.1. Meanwhile, in Figure 8.2a,
7 · 107 training instances are necessary to provide a generalization guarantee of 0.1 under the
worst-case bound, so the sample complexity implied by our analysis is 700 times better. Similarly,
in Figure 8.2b, our sample complexity is 500 times better, and in Figure 8.2c, it is 250 times better.

8.2.3

Rademacher complexity lower bound

In this section, we show that (γ, p)-approximability with p < ∞ does not necessarily imply
strong generalization guarantees of the type we saw in Section 8.2.1. We show that it is possible
for a dual class U ∗ to be well-approximated by the dual of a class W with RbS (W ) = 0, yet for
the primal U to have high Rademacher complexity.
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Figure 8.3: The dual functions uz1 and uz2 are well-approximated by the constant function ρ 7→ 12
R
under, for example, the L1 -norm because the integrals P uzi (ρ) − 12 dr are small; for most ρ,
uzi (ρ) = 12 . The approximation is not strong under the L∞ -norm, since maxρ∈P uzi (ρ) − 21 = 12 .
The function class U corresponding to these duals has a large Rademacher complexity.

Figure 8.4: The dual functions uz1 and uz2 are well-approximated by the constant function ρ 7→ 12
under the L∞ -norm since maxρ∈P uzi (ρ) − 12 is small. The function class U corresponding to
these duals has a small Rademacher complexity.
Figures 8.3 and 8.4 help explain why there is this sharp constrast between the L∞ - and L p norms for p < ∞. Figure 8.3 illustrates two dual functions uz1 (the bluesolid line) and uz2
(the grey dotted line). Let W be the extremely simple function class W = wρ : ρ ∈ R where
wρ (z) = 21 for every z ∈ Z . It is easy to see that RbS (W ) = 0 for any set S . Moreover, every
dual function wz is also simple, because wz (ρ) = wρ (z) = 12 . From Figure 8.3, we can see that
the functions uz1 and uz2 are well approximated by the constant function wz1 (ρ) = wz2 (ρ) = 12
R
under, for example, the L1 -norm because the integrals P uzi (ρ) − 12 dr are small. However, the
approximation is not strong under the L∞ -norm, since maxρ∈P uzi (ρ) − 12 = 12 for i ∈ {1, 2}.
Moreover, despite the fact that RbS (W ) = 0, we have that RbS (U ) = 12 when S = {z1 , z2 },
which makes Theorem 2.2.2 meaningless. At a high level, this is because when σ1 = 1, we can
ensure that σ1 uρ (z1 ) = σ1 uz1 (ρ) = 1 by choosing ρ ∈ {ρ0 , ρ1 } and when σ1 = −1, we can ensure
that σ1 uρ (z1 ) = 0 by choosing ρ ∈ {ρ2 , ρ3 }. A similar argument holds for σ2 . In summary,
(γ, p)-approximability for p < ∞ does not guarantee low Rademacher complexity.
Meanwhile, in Figure 8.4, wzi (ρ) = 12 and uzi (ρ) are close under the L∞ -norm for every
parameter ρ. As a result, for any noise vector σ ∈ {−1, 1}2 , supρ∈R {σ1 uz1 (ρ) + σ2 uz2 (ρ)} is
close to sup
{σ1 wz (ρ) + σ2 wz (ρ)}. This implies that the Rademacher complexities RbS (W )
ρ ∈R

1

2

and RbS (U ) are close. This illustration exemplifies Theorem 8.2.1: (γ, ∞)-approximability implies
strong Rademacher bounds.
We now prove that (γ, p)-approximability by a simple class for p < ∞ does not guarantee
low Rademacher complexity.
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Theorem 8.2.5. For any γ ∈ (0, 1/4) and any p ∈ [1, ∞), there exist function classes U , W ⊂ [0, 1]X
such that the dual class W ∗ (γ, p)-approximates U ∗ and for any N ≥ 1, supS :|S|= N RbS (W ) = 0 and
sup
RbS (U ) = 1 .
S :|S|= N

2

Remark 8.2.6. Suppose, for example, that P = [0, 1]d . Theorem 8.2.5 implies that even if the
difference |uz (ρ) − wz (ρ)| is small for all z in expectation over ρ ∼ Uniform(P ), the function
class U may not have Rademacher complexity close to W .
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Chapter 9

Estimating approximate incentive compatibility

In this chapter, we return to sample complexity questions in the context of mechanism design,
though in a new context. In Chapter 6, we analyzed the number of samples sufficient to learn an
incentive compatible mechanism with high revenue, profit, or social welfare. The mechanisms
used in practice, however, are often not incentive compatible; they are manipulable. This is the case
in many settings for selling, buying, matching (such as school choice), voting, and so on. In this
chapter, we present techniques for estimating how far a mechanism is from incentive compatible.
Given samples from the agents’ type distribution, we show how to estimate the extent to which
an agent can improve his utility by misreporting his type.
Examples of manipulable mechanisms abound in practice. For instance, most real-world auctions are implemented using the first-price mechanism. In multi-unit sales settings, the U.S.
Treasury has used discriminatory auctions, a variant of the first-price auction, to sell treasury
bills since 1929 [116]. Similarly, electricity generators in the U.K. use discriminatory auctions to
sell their output [116]. Sponsored search auctions are typically implemented using variants of the
generalized second-price auction [72, 183]. In the past year, many major display ad exchanges including AppNexus, Rubicon, and Index Exchange have transitioned to first-price auctions, driven
by ad buyers who believe it offers a higher degree of transparency [91, 156]. Finally, nearly all
fielded combinatorial auctions are manipulable. Essentially all combinatorial sourcing auctions
are implemented using the first-price mechanism [171]. Combinatorial spectrum auctions are
conducted using a variety of manipulable mechanisms. Even the “incentive auction” used to
source spectrum licenses back from low-value broadcasters—which has sometimes been hailed
as obviously incentive compatible—is manipulable once one takes into account the fact that many
owners own multiple broadcasting stations, or the fact that stations do not only have the option
to keep or relinquish their license, but also the option to move to (two) less desirable spectrum
ranges [149].
Many reasons have been suggested why manipulable mechanisms are used in practice. First,
the rules are often easier to explain. Second, incentive compatibility ceases to hold even in
the relatively simple context of the Vickrey auction when determining one’s own valuation is
costly (for example, due to computation or information gathering effort) [168]. Third, bidders
may have even more incentive to behave strategically when they can conduct computation or
information gathering on each others’ valuations, and if they can incrementally decide how to
allocate valuation-determination effort [120, 121]. Fourth, in combinatorial settings, well-known
incentive-compatible mechanisms such as the Vickrey-Clarke-Groves (VCG) mechanism require
bidders to submit bids for every bundle, which generally requires a prohibitive amount of valuation computation (solving a local planning problem for potentially every bundle, and each
planning problem, itself, can be NP-complete) or information acquisition [53, 155, 167, 172].
Fifth, in settings such as sourcing, single-shot incentive compatible mechanisms such as the VCG
are generally not incentive compatible when the bid-taker uses bids from one auction to adjust
the parameters of later auctions in later years [171]. Sixth, incentive compatible mechanisms may
leak the agents’ sensitive private information [162]. Seventh, incentive compatibility typically
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ceases to hold if agents are not risk neutral (i.e., the utility functions are not quasi-linear). There
are also sound theoretical reasons why the designer sometimes prefers manipulable mechanisms.
Specifically, there exist settings where the designer does better than under any incentive compatible mechanism if the agents cannot solve hard computational or communication problems, and
equally well if they can [56, 152].
Due in part to the ubiquity of manipulable mechanisms, a growing body of additional research has explored mechanisms that are not incentive compatible [10, 14, 58, 64, 70, 71, 77, 86,
114, 133, 139]. A popular and widely-studied relaxation of incentive compatibility is γ-incentive
compatibility [10, 14, 64, 70, 114, 133, 139], which requires that no agent can improve his utility by
more than γ when he misreports his type.
The results in this section are joint work with Nina Balcan and Tuomas Sandholm [26]. Our
current results were published in EC 2019.

9.0.1

Our contributions

Much of the literature on γ-incentive compatibility rests on the strong assumption that the agents’
type distribution is known. In reality, this information is rarely available. We relax this assumption and instead assume we only have samples from the distribution [128, 129, 173]. We present
techniques with provable guarantees that the mechanism designer can use to estimate how far
a mechanism is from incentive compatible. We analyze both the ex-interim and ex-ante1 settings:
in the ex-interim case, we bound the amount any agent can improve his utility by misreporting
his type, in expectation over the other agents’ types, no matter his true type. In the weaker
ex-ante setting, the expectation is also over the agent’s true type as well. In the ex-interim case,
we adopt the common assumption that each agent’s type is drawn independently from the other
agents’ types. In the ex-ante case, we drop this assumption: the agents’ types may be arbitrarily
correlated.
Our estimate is simple: it measures the maximum utility an agent can gain by misreporting
his type on average over the samples, whenever his true and reported types are from a finite
subset of the type space. We bound the difference between our incentive compatibility estimate
and the true incentive compatibility approximation factor γ.
We apply our estimation technique to a variety of auction classes. We begin with the firstprice auction, in both single-item and combinatorial settings. Our guarantees can be used by
display ad exchanges, for instance, to measure the extent to which incentive compatibility will be
compromised if the exchange transitions to using first-price auctions [91, 156]. In the single-item
setting, we prove that the
between our estimate and the true incentive compatibility ap difference
 √ 
−
1
proximation factor is Õ n + κ
/ N , where n is the number of bidders, N is the number of
samples, and [0, κ ] contains the range of the density functions defining the agents’ type distribution. We prove the same bound for the second-price auction with spiteful bidders [38, 144, 177, 180],
where each bidder’s utility not only increases when his surplus increases but also decreases when
the other bidders’ surpluses increase.
In a similar direction, we analyze the class of generalized second-price auctions [72], where
m sponsored search slots are for sale. The mechanism designer assigns a real-valued weight
per bidder, collects a bid per bidder indicating their value per click, and allocates the slots in
order of the bidders’ weighted bids. In this setting, we prove that the difference between our
1 We

do not study ex-post or dominant-strategy approximate incentive compatibility because they are worst-case,
distribution-independent notions. Therefore, we cannot hope to measure the ex-post or dominant-strategy approximation factors using samples from the agents’ type distribution.
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incentive
compatibility
estimate and the true incentive compatibility approximation bound is

 √ 
3/2
−
1
Õ n + κ
/ N .
We also analyze multi-parameter mechanisms beyond the first-price combinatorial auction,
namely, the uniform-price and discriminatory auctions, which are used extensively in markets
around the world [116]. In both, the auctioneer has m identical units of a single good to sell. Each
bidder submits m bids indicating their value for each additional unit of the good. The number
of goods the auctioneer allocates to each bidder equals the number of bids that bidder has in the
top m bids. Under a discriminatory auction, each agent pays the amount she bid for the number
of units she is allocated. Under a uniform-price auction, the agents pay the market-clearing
price, meaning the total amount demanded equals the total amount supplied. In both cases,
we prove that the difference between ourincentive compatibility
estimate and the true incentive
 √ 
2
−
1
compatibility approximation bound is Õ nm + κ
/ N .
A strength of our estimation techniques is that they are application-agnostic. For example,
they can be used as a tool in incremental mechanism design [58], a subfield of automated mechanism design [54, 170], where the mechanism designer gradually adds incentive compatibility
constraints to her optimization problem until she has met a desired incentive compatibility guarantee.
Key challenges. To prove our guarantees, we must estimate the value γ defined such that no
agent can misreport his type in order to improve his expected utility by more than γ, no matter
his true type. We propose estimating γ by measuring the extent to which an agent can improve
his utility by misreporting his type on average over the samples, whenever his true and reported
types are from a finite subset G of the type space. We denote this estimate as γ̂. The challenge is
that by searching over a subset of the type space, we might miss pairs of types θ and θ̂ where an
agent with type θ can greatly improve his expected utility by misreporting his type as θ̂. Indeed,
utility functions are often volatile in mechanism design settings. For example, under the firstand second-price auctions, nudging an agent’s bid from below the other agents’ largest bid to
above will change the allocation, causing a jump in utility. Thus, there are two questions we must
address: which finite subset should we search over and how do we relate our estimate γ̂ to the
true approximation factor γ?
We provide two approaches to constructing the cover G . The first is to run a greedy procedure
based off a classic algorithm from theoretical machine learning. This approach is extremely
versatile: it provides strong guarantees no matter the setting. However, it may be difficult to
implement.
Meanwhile, implementing our second approach is straightforward: the cover is simply a
uniform grid over the type space (assuming the type space equals [0, 1]m for some integer m). The
efficacy of this approach depends on a “niceness” property that holds under mild assumptions.
To analyze this second approach, we must understand how the edge-length of the grid effects
our error bound relating the estimate γ̂ to the true approximation factor γ. To do so, we rely
on the notion of dispersion [22]. Roughly speaking, a set of piecewise Lipschitz functions is
(w, k)-dispersed if every ball of radius w in the domain contains at most k of the functions’
discontinuities. Given a set of N samples from the distribution over agents’ types, we analyze
the dispersion of function sequences from two related families. In both families, the function
sequences are of length N: each function is defined by one of the N samples. In the first family,
each sequence is defined by a true type θ and measures a fixed agent’s utility as a function of her
reported type θ̂, when the other agents’ bids are defined by the samples. In the second family,
each sequence is defined by a reported type θ̂ and measures the agent’s utility as a function of
65

her true type θ. We show that if all function sequences from both classes are (w, k )-dispersed,
then we can use a grid with edge-length w to discretize the agents’ type space.
We show that for a wide range of mechanism classes, dispersion holds under mild assumptions. As we describe more in Section 9.2.1, this requires us to prove that with high probability,
each function sequence from several infinite families of sequences is dispersed. This facet of our
analysis is notably different from prior research by Balcan et al. [22]: in their applications, it is
enough to show that with high probability, a single, finite sequence of functions is dispersed.
Our proofs thus necessitate that we carefully examine the structure of the utility functions that
we analyze. In particular, we prove that across all of the infinitely-many sequences, the functions’ discontinuities are invariant. As a result, it is enough to prove dispersion for single generic
sequence in order to guarantee dispersion for all of the sequences.
Finally, we prove that for both choices of the cover G , so long as the intrinsic complexities
of the agents’ utility functions are not too large (as measured by the learning-theoretic notion of
pseudo-dimension [159]), then our estimate γ̂ quickly converges to the true approximation factor
γ as the number of samples grows.

9.0.2

Additional related research

Strategy-proofness in the large. Azevedo and Budish [14] propose a variation on approximate
incentive compatibility called strategy-proofness in the large (SP-L). SP-L requires that it is approximately optimal for agents to report their types truthfully in sufficiently large markets. As in this
chapter, SP-L is a condition on ex-interim γ-incentive compatibility. The authors argue that SP-L
approximates, in large markets, attractive properties of a mechanism such as strategic simplicity
and robustness. They categorize a number of mechanisms as either SP-L or not. For example,
they show that the discriminatory auction is manipulable in the large whereas the uniform-price
auction is SP-L. Measuring a mechanism’s SP-L approximation factor requires knowledge of
the distribution over agents’ types, whereas we only require sample access to this distribution.
Moreover, we do not make any large-market assumptions: our guarantees hold regardless of the
number of agents.
Comparing mechanisms by their vulnerability to manipulation. Pathak and Sönmez [157]
analyze ex-post incentive compatibility without any connection to approximate incentive compatibility. They say that one mechanism M is at least as manipulable as another M0 if every type
profile that is vulnerable to manipulation under M is also vulnerable to manipulation under
M0 . They apply their formalism in the context of school assignment mechanisms, the uniformprice auction, the discriminatory auction, and several keyword auctions. We do not study ex-post
approximate incentive compatibility because it is a worst-case, distribution-independent notion.
Therefore, we cannot hope to measure an ex-post approximation factor using samples from the
agents’ type distribution. Rather, we are concerned with providing data-dependent bounds on
the ex-interim and ex-ante approximation factors. Another major difference is that our work provides quantitative results on manipulability while theirs provides boolean comparisons as to the
relative manipulability of mechanisms. Finally, our measure applies to all mechanisms while
theirs cannot rank all mechanisms because in many settings, pairs of mechanisms are incomparable according to their boolean measure.
Mechanism design via deep learning. In mechanism design via deep learning [71, 77, 86], the
learning algorithm receives samples from the distribution over agents’ types. The resulting allocation and payment functions are characterized by neural networks, and thus the corresponding
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mechanism may not be incentive compatible. In an attempt to make these mechanisms nearly
incentive compatible, the authors of these works add constraints to the deep learning optimization problem enforcing that the resulting mechanism be incentive compatible over a set of buyer
values sampled from the underlying, unknown distribution.
In research that was conducted simultaneously, Dütting et al. [71] provide guarantees on the
extent to which the resulting mechanism—characterized by a neural network—is approximately
incentive compatible, in the sense of expected ex-post incentive compatibility: in expectation over
all agents’ types, what is the maximum amount that an agent can improve her utility by misreporting her type? This is a different notion of approximate incentive compatibility than those we
study. In short, we bound the maximum expected change in utility an agent can induce by misreporting her type (Definition 9.1.1), no matter her true type, where the expectation is over the
other agents’ types. In contrast, Dütting et al. [71] bound the expected maximum change in utility
an agent can induce, where the expectation is over all agents’ types. As a result, our bounds are
complementary, but not overlapping. Moreover, the sets of mechanisms we analyze and Dütting
et al. [71] analyze are disjoint: Dütting et al. [71] provide bounds for mechanisms represented as
neural networks, whereas we instantiate our guarantees for single-item and combinatorial firstprice auctions, generalized second-price auction, discriminatory auction, uniform-price auction,
and second-price auction with spiteful bidders.
Sample complexity of revenue maximization. A long line of research has studied revenue maximization via machine learning from a theoretical perspective (cited in Section 6.1). The mechanism designer receives samples from the type distribution which she uses to find a mechanism
that is, ideally, nearly optimal in expectation. That research has only studied incentive compatible
mechanism classes. Moreover, in this chapter, it is not enough to provide generalization guarantees; we must both compute our estimate of the incentive compatibility approximation factor
and bound our estimate’s error. This type of error has nothing to do with revenue functions, but
rather utility functions. These factors in conjunction mean that our research differs significantly
from prior research on generalization guarantees in mechanism design.
In a related direction, Chawla et al. [48, 49, 50] study counterfactual revenue estimation. Given
two auctions, they provide techniques for estimating one of the auction’s equilibrium revenue
from the other auction’s equilibrium bids. They also study social welfare in this context. Thus,
their research is tied to selling mechanisms, whereas we study more general mechanism design
problems from an application-agnostic perspective.
Incentive compatibility from a buyer’s perspective. Lahaie et al. [118] also provide tools for
estimating approximate incentive compatibility, but from the buyer’s perspective rather than the
mechanism designer’s perspective. As such, the type of information available to their estimation
tools versus ours is different. Moreover, they focus on ad auctions, whereas we study mechanism
design in general and apply our techniques to a wide range of settings and mechanisms.

9.1 Preliminaries and notation
There are n agents who each have a type. We denote agent i’s type as θi , which is an element
of a (potentially infinite) set Θi . A mechanism takes as input the agents’ reported types, which
it uses to choose an outcome. We denote agent i’s reported type as θ̂i ∈ Θi . We denote all n
agents’ types as θ = (θ1 , . . . , θn ) and reported types as θ̂ = θ̂1 , . . . , θ̂n . For i ∈ [n], we use
the standard notation θ−i ∈ × j6=i Θ j to denote all n − 1 agents’ types except agent i. Using this
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notation, we denote the type profile θ representing all n agents’ types as θ = (θi , θ−i ). Similarly,
θ̂ = θ̂i , θ̂−i . We assume there is a distribution D over all n agents’ types, and thus the support
of D is contained in ×in=1 Θi . We use D|θi to denote the conditional distribution given θi , so
the support of D|θi is contained in × j6=i Θ j . We assume that we can draw samples θ(1) , θ(2) , . . .
independently from D . This is the same assumption made in a long line of work on mechanism
design via machine learning (including, for example, work by Balcan et al. [18], Elkind [73], and
Cole and Roughgarden [52]).

Given a mechanism M and agent i ∈ [n], we use the notation ui,M θ, θ̂ to denote the utility
2
agent i receives when the agents have types θ and reported types
[−1, 1].
 θ̂. We assume it maps to
When θ−i = θ̂−i , we use the simplified notation ui,M θi , θ̂i , θ−i := ui,M (θi , θ−i ) , θ̂i , θ−i .
At a high level, a mechanism is incentive compatible if no agent can ever increase her utility by
misreporting her type. A mechanism is γ-incentive compatible if each agent can increase her utility
by an additive factor of at most γ by misreporting her type [10, 14, 58, 64, 70, 71, 77, 86, 114, 133,
139]. In this chapter, we concentrate on ex-interim approximate incentive compatibility [14, 133].
Definition 9.1.1. A mechanism M is ex-interim γ-incentive compatible if for each i ∈ [n] and all
θi , θ̂i ∈ Θi , agent i with type θi can increase her expected utility by an additive factor of at most
γ by reporting her type as θ̂i , so long
 as the other
 agents report truthfully. In other words,
Eθ−i ∼D|θ [ui,M (θi , θi , θ−i )] ≥ Eθ−i ∼D|θ ui,M θi , θ̂i , θ−i − γ.
i

i

In our EC 2019 paper [26], we also study ex-ante approximate incentive compatibility, where
the above definition holds in expectation over the draw of the types θ ∼ D .
We do not study ex-post3 or dominant-strategy4 approximate incentive compatibility because
they are worst-case, distribution-independent notions. Therefore, we cannot hope to measure the
ex-post or dominant-strategy approximation factors using samples from the agents’ type distribution.

9.2 Estimating approximate ex-interim incentive compatibility
In this section, we show how to estimate the ex-interim incentive compatibility approximation
guarantee using data. We assume there is an unknown distribution D over agents’ types, and
we operate under the common assumption [14, 16, 41, 42, 85, 93, 133, 192] that the agents’ types
are independently distributed. In other words, for each agent i ∈ [n], there exists a distribution
φi over their type space Θi such that D = ×in=1 φi . For each agent i ∈ [n], we receive a set S−i of
samples independently drawn from D−i = × j6=i φj . For each mechanism M ∈ M, we show how
to use the samples to estimate a value γ̂ M such that:
With probability 1 − δ over the draw of the
S−1 , . . . , S−n , for any agent
 n sets of samples

i ∈ [n] and all pairs θi , θ̂i ∈ Θi , Eθ−i ∼D−i ui,M θi , θ̂i , θ−i − ui,M (θi , θi , θ−i ) ≤ γ̂ M .
2 Our estimation error only increases by a multiplicative factor of H if the range of the utility functions is [− H, H ]
instead of [−1, 1].
3 A mechanism M is ex-post incentive compatible if for each i ∈ [ n ] and all θ , θ̂ ∈ Θ , and all θ
i i
i
−i ∈ × j6=i Θ j , agent
i with type θi cannot increase her utility by reporting
her
type
as
θ̂
,
so
long
as
the
other
agents
report
truthfully. In
i

other words, ui,M (θi , θi , θ−i ) ≥ ui,M θi , θ̂i , θ−i .
4 A mechanism M is dominant-strategy incentive compatible if for each i ∈ [ n ] and all θ , θ̂ ∈ Θ , agent i with type θ
i i
i
i
cannot increase her utility by reporting her typeas θ̂i , no matter which types
the
other
agents
report.
In
other
words,

for all θ−i , θ̂−i ∈ × j6=i Θ j , ui,M (θi , θ−i ) , θi , θ̂−i ≥ ui,M (θi , θ−i ) , θ̂i , θ̂−i .
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To this end, one simple approach, informally, is to estimate γ̂ M by measuring the extent to
which any agent i with any type θi can improve his utility by misreporting his type, averaged
over all profiles in S−i . In other words, we can estimate γ̂ M by solving the following optimization
problem:
(
)




1 N
( j)
( j)
max
ui,M θi , θ̂i , θ−i − ui,M θi , θi , θ−i
.
(9.1)
N j∑
θi ,θ̂i ∈Θi
=1
Unfortunately, in full generality, there might not be a finite-time procedure to solve this optimization problem, so in Section 9.2.1, we propose more nuanced approaches based on optimizing over
finite subsets of Θi × Θi . As a warm-up and a building block for our main theorems in that section, we prove that with probability 1 − δ, for all mechanisms M ∈ M,


E









ui,M θi , θ̂i , θ−i − ui,M (θi , θi , θ−i )
(
)




1 N
( j)
( j)
≤ max
ui,M θi , θ̂i , θ−i − ui,M θi , θi , θ−i
+ eM ( N, δ),
N j∑
θi ,θ̂i ∈Θi
=1
max

θi ,θ̂i ∈Θi

θ−i ∼D−i

(9.2)

where eM ( N, δ) is an error term that converges to zero as the number N of samples grows. Its
convergence rate depends on the intrinsic complexity of the utility functions corresponding to the
mechanisms in M, which we formalize using the learning-theoretic tool pseudo-dimension. We
define pseudo-dimension below for an abstract class A of functions mapping a domain X to
[−1, 1].
We now use Theorem 2.1.3 to prove that the error term eM ( N, δ) in Equation (9.2) converges
to zero as N increases. To this end, for any mechanism M, any agent i ∈ [n], and any pair of
types θi , θ̂i ∈ Θi , let ui,M,θi ,θ̂i : × j6=i Θ j → [−1, 1] be a function that maps the types θ−i of the
other agents to the utility of agent i with type θi and reported type θ̂i when
 the other agents
report their types truthfully. In other words, ui,M,θi ,θ̂i (θ−i ) = ui,M θi , θ̂i , θ−i . Let Fi,M be the
set
n of all such functions defined
o by mechanisms M from the class M. In other words, Fi,M =
ui,M,θi ,θ̂i θi , θ̂i ∈ Θi , M ∈ M . We now analyze the convergence rate of the error term eM ( N, δ).

Theorem 9.2.1. With probability 1 − δ over the draw of the n sets S−i =

n

(1)

(N)

θ−i , . . . , θ−i

o

N , for
∼ D−
i

all mechanisms M ∈ M and agents i ∈ [n],


E









ui,M θi , θ̂i , θ−i − ui,M (θi , θi , θ−i )
(
)




1 N
( j)
( j)
ui,M θi , θ̂i , θ−i − ui,M θi , θi , θ−i
+ eM ( N, δ),
≤ max
N j∑
θi ,θ̂i ∈Θi
=1
max

θi ,θ̂i ∈Θi

where eM ( N, δ) = 2

9.2.1

q

2di
N

θ−i ∼D−i

ln

eN
di

+2

q

1
2N

ln 2n
δ and di = Pdim (Fi,M ).

Incentive compatibility guarantees via finite covers

In the previous section, we presented an empirical estimate of the ex-interim incentive compatibility approximation factor (Equation (9.1)) and we showed that it quickly converges to the true
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Algorithm 4 Greedy cover construction
n
o
(1)
(N)
Input: Mechanism M ∈ M, set of samples S−i = θ−i , . . . , θ−i , accuracy parameter e > 0.
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1: Let U be the set of vectors U ←
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ui,M θi , θ̂i , θ−i − ui,M θi , θi , θ−i
2: Let V ← ∅ and Γ ← ∅.
S
3: while U \ ( v∈V B1 (v, e )) 6 = ∅ do
S
v, e)). 
4:
Select an arbitrary vector v0 ∈ U \ ( v∈V B1 (



(1)

(1)

− ui,M θi , θi , θ−i


..
.

 .


(N)
(N)
ui,M θi , θ̂i , θ−i − ui,M θi , θi , θ−i
ui,M θi , θ̂i , θ−i

5:

Let θi , θ̂i ∈ Θi be the types such that v0 =

6:


Add v0 to V and θi , θ̂i to Γ.

1
N






Output: The cover Γ ⊆ Θi × Θi .

approximation factor. However, there may not be a finite-time procedure for computing Equation (9.1) in its full generality, restated below:
(
max

θi ,θ̂i ∈Θi

1
N

N

∑ ui,M



( j)
θi , θ̂i , θ−i



− ui,M



( j)
θi , θi , θ−i



)
.

(9.3)

j =1

In this section, we address that challenge. A simple alternative approach is to fix a finite cover
of Θi × Θi , which we denote as Γ ⊂ Θi × Θi , and approximate Equation (9.3) by measuring the
extent to which any agent i can improve his utility by misreporting his type when his true and
reported types are elements of the cover Γ, averaged over all profiles in S−i . In other words, we
estimate Equation (9.3) as:
(
max
(θi ,θ̂i )∈Γ

1
N

N

∑ ui,M



( j)
θi , θ̂i , θ−i



− ui,M



( j)
θi , θi , θ−i



)
.

(9.4)

j =1

This raises two natural questions: how do we select the cover Γ and how close are the optimal
solutions to Equations (9.3) and (9.4)? We provide two simple, intuitive approaches to selecting
the cover Γ. The first is to run a greedy procedure (see Section 9.2.1) and the second is to create
a uniform grid over the type space (assuming Θi = [0, 1]m for some integer m; see Section 9.2.1).
Covering via a greedy procedure
In this section, we show how to construct the cover Γ of Θi × Θi greedily, based off a classic
learning-theoretic algorithm. We then show that when we use the cover Γ to estimate the incentive compatibility approximation factor (via Equation (9.4)), the estimate quickly converges to
the true approximation factor. This greedy procedure is summarized by Algorithm 4. For any
v ∈ R N , we use the notation B1 (v, e) = {v0 : kv0 − vk1 ≤ e}. To simplify notation, let U be the
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set of vectors defined in Algorithm 4:
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ui,M θi , θ̂i , θ−i − ui,M θi , θi , θ−i
Note that the solution to Equation (9.3) equals maxv∈U ∑iN=1 v[i ]. The algorithm greedily selects
a set of vectors V ⊆ U, or equivalently, a set of type pairs Γ ⊆ Θi × Θi as follows: while
S
U \ ( v∈V B1 (v, e)) is non-empty, it chooses an arbitrary vector v0 in the set, adds it to V, and
adds the pair θi , θ̂i ∈ Θi × Θi defining the vector v0 to Γ. Classic results from learning theory [9]
2d
guarantee that this greedy procedure will repeat for at most (8eN/(edi )) i iterations, where
di = Pdim (Fi,M ).
We now relate the true incentive compatibility approximation factor to the solution to Equation (9.4) when the cover is constructed using Algorithm 4.
o
n
(N)
(1)
Theorem 9.2.2. Given a set S−i = θ−i , . . . , θ−i , a mechanism M ∈ M, and accuracy parameter
e > 0, let Γ (S−i , M, e) be the cover returned by Algorithm 4. With probability 1 − δ over the draw of the
N , for every mechanism M ∈ M and every agent i ∈ [ n ],
n sets S−i ∼ D−
i


E









ui,M θi , θ̂i , θ−i − ui,M (θi , θi , θ−i )
)
(




1 N
( j)
( j)
≤
max
∑ ui,M θi , θ̂i , θ−i − ui,M θi , θi , θ−i + e + Õ
(θi ,θ̂i )∈Γ(S−i ,M,e) N j=1
max

θi ,θ̂i ∈Θi

θ−i ∼D−i

r

di
N

!
,

(9.5)

where di = Pdim (Fi,M ). Moreover, with probability 1, |Γ (S−i , M, e)| ≤ (8eN/ (edi ))2di .
Covering via a uniform grid
The greedy approach in Section 9.2.1 is extremely versatile: no matter the type space Θi , when
we use the resulting cover to estimate the incentive compatibility approximation factor (via Equation (9.4)), the estimate quickly converges to the true approximation factor. However, implementing the greedy procedure (Algorithm 4) might be computationally challenging because at each
S
round, it is necessary to check if U \ ( v∈V B1 (v, e)) is nonempty and if so, select a vector from
the set. In this section, we propose an alternative, extremely simple approach to selecting a cover
Γ: using a uniform grid over the type space. The efficacy of this approach depends on a “niceness” assumption that holds under mild assumptions, as we prove in Section 9.2.2. Throughout
this section, we assume that Θi = [0, 1]m for some integer m. We propose covering the type space
using a w-grid Γw over [0, 1]m , by which we mean a finite set of vectors in [0, 1]m such that for all
0
p ∈ [0, 1]m , there exists
a vector p0 ∈ Γo
w such that k p − p k1 ≤ w. For example, if m = 1, we
n

1
could define Γw = 0, b1/w
, 2 , . . . , 1 . We will estimate the expected incentive compatibility
c b1/wc
approximation factor using Equation (9.4) with Γ = Γw × Γw . Throughout the rest of this chapter,
we discuss how the choice of w effects the error bound. To do so, we will use the notion of
dispersion, defined below.

Definition 9.2.3 (Balcan et al. [22]). Let a1 , . . . , a N : Rd → R be a set of functions where each ai
is piecewise Lipschitz with respect to the `1 -norm over a partition Pi of Rd . We say that Pi splits
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(a) Average of dispersed functions.

(b) Average of functions that are not dispersed.

Figure 9.1: Illustration of Example 9.2.4. The lines in Figure 9.1a depict the average of four utility
functions corresponding to the first-price auction. The maximum of this
 average falls at the top
of the blue region. We evaluate the function in Figure 9.1a on the grid 0, 14 , 12 , 34 , 1 , as depicted
by the dots. The maximum over the grid falls at the bottom of the blue region. In Figure 9.1b, we
illustrate the same concepts but for a different set of utility functions that are not as dispersed as
those in Figure 9.1a. As illustrated by the blue regions, the approximation over the grid is better
for the dispersed functions than the non-dispersed functions.
a set A ⊆ Rd if A intersects withat least two sets in Pi . The set of functions is (w, k )-dispersed if
for every point p ∈ Rd , the ball p0 ∈ Rd : k p − p0 k1 ≤ w is split by at most k of the partitions
P1 , . . . , P N .
The smaller w is and the larger k is, the more “dispersed” the functions’ discontinuities
are. Moreover, the more jump discontinuities a set of functions has, the more difficult it is to
approximately optimize its average using a grid. We illustrate this phenomenon in Example 9.2.4.
Example 9.2.4. Suppose there are two agents and M is the first-price
 single-item auction. For any
trio of types θ1 , θ2 , θ̂1 ∈ [0, 1], u1,M θ1 , θ̂1 , θ2 = 1{θ̂1 >θ2 } θ1 − θ̂1 . Suppose θ1 = 1. Figure 9.1a


displays the function 14 ∑θ2 ∈S2 u1,M 1, θ̂1 , θ2 where S2 = 15 , 25 , 35 , 45 and Figure 9.1b displays the

 31 32 33 34
function 14 ∑θ2 ∈S20 u1,M 1, θ̂1 , θ2 where S20 = 40
, 40 , 40 , 40 .

In Figure 9.1, we evaluate each function on the grid Γ = 0, 14 , 12 , 34 , 1 . In Figure 9.1a, the
maximum over Γ better approximates the the maximum over [0, 1] compared to Figure 9.1b. In
other words,
max

∑

θ̂1 ∈[0,1] θ2 ∈S2

< max


u1,M 1, θ̂1 , θ2 − max

∑ 0 u1,M

θ̂1 ∈[0,1] θ ∈S
2
2

∑

θ̂1 ∈Γ θ2 ∈S2


1, θ̂1 , θ2 − max

u1,M 1, θ̂1 , θ2

∑ 0 u1,M

θ̂1 ∈Γ θ ∈S
2
2




1, θ̂1 , θ2 .

(9.6)
(9.7)

Intuitively, this is because the functions we average over in Figure 9.1a are more dispersed than
the functions we average over in Figure 9.1b. The differences described by Equations (9.6) and
(9.7) are represented by the shaded regions in Figures 9.1a and 9.1b, respectively.
We now state a helpful lemma which we use to prove this section’s main theorem. Informally,
it shows that we can measure the average amount that any agent can improve his utility by
misreporting his type, even if we discretize his type space, so long as his utility function applied
to the samples demonstrates dispersion.
Lemma 9.2.5. Suppose that for each agent
n i ∈ [n], there
o exist Li , k i , wi ∈ R such that with probability
(1)
(N)
N , for each mechanism M ∈ M and agent
1 − δ over the draw of the n sets S−i = θ−i , . . . , θ−i ∼ D−
i
i ∈ [n], the following conditions hold:
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(1)
(N)
1. For any type θi ∈ [0, 1]m , the functions ui,M θi , ·, θ−i , . . . , ui,M θi , ·, θ−i are piecewise Li Lipschitz and (wi , k i )-dispersed.




(1)
(N)
2. For any reported type θ̂i ∈ [0, 1]m , the functions ui,M ·, θ̂i , θ−i , . . . , ui,M ·, θ̂i , θ−i are piecewise Li -Lipschitz and (wi , k i )-dispersed.
N , for all mechanisms M ∈ M and
Then with probability 1 − δ over the draw of the n sets S−i ∼ D−
i
agents i ∈ [n],
)
(




1 N
( j)
( j)
max
ui,M θi , θ̂i , θ−i − ui,M θi , θi , θ−i
N j∑
θi ,θ̂i ∈[0,1]m
=1
(
)




8k
1 N
( j)
( j)
≤ max
ui,M θi , θ̂i , θ−i − ui,M θi , θi , θ−i
+ 4Li wi + i .
(9.8)
∑
N
N
θi ,θ̂i ∈Γwi
j =1

In Section 9.2.2, we prove that under mild assumptions, for a wide range of mechanisms,
√ 
√
Conditions 1 and 2 in Lemma 9.2.5 hold with Li = 1, wi = O 1/ N , and k i = Õ
N ,
ignoring problem-specific multiplicands. Thus, we find that 4Li wi + 8k i /N quickly converges to
0 as N grows.
Theorem 9.2.1 and Lemma 9.2.5 immediately imply this section’s main theorem. At a high
level, it states that any agent’s average utility gain when restricted to types on the grid is a close
estimation of the true incentive compatibility approximation factor, so long as his utility function
applied to the samples demonstrates dispersion.
Theorem 9.2.6. Suppose that for each agent
i ∈ [n], there
o exist Li , k i , wi ∈ R such that with probability
n
(1)

(N)

1 − δ over the draw of the n sets S−i = θ−i , . . . , θ−i

N , for each mechanism M ∈ M and agent
∼ D−
i

i ∈ [n], the following conditions hold:




(N)
(1)
1. For any θi ∈ [0, 1]m , the functions ui,M θi , ·, θ−i , . . . , ui,M θi , ·, θ−i are piecewise Li -Lipschitz
and (wi , k i )-dispersed.




(N)
(1)
2. For any θ̂i ∈ [0, 1]m , the functions ui,M ·, θ̂i , θ−i , . . . , ui,M ·, θ̂i , θ−i are piecewise Li -Lipschitz
and (wi , k i )-dispersed.
Then with probability 1 − 2δ, for every mechanism M ∈ M and every agent i ∈ [n],





max
ui,M θi , θ̂i , θ−i − ui,M (θi , θi , θ−i )
E
θi ,θ̂i ∈Θi θ−i ∼D−i
(
)




1 N
( j)
( j)
≤ max
ui,M θi , θ̂i , θ−i − ui,M θi , θi , θ−i
+ e,
N j∑
θi ,θ̂i ∈Γwi
=1
where e = 4Li wi +

8k i
N

+2

q

2di
N

ln eN
di + 2

q

1
2N

ln 2n
δ and di = Pdim (Fi,M ).

We conclude with one final comparison of the greedy approach in Section 9.2.1 and the
uniform grid approach in this section. In Section 9.2.1, we use the functional form of the utility
functions in order to bound the cover size, as quantified by pseudo-dimension. When we use the
approach based on dispersion, we do not use these functional forms to the fullest extent possible;
we only use simple facts about the functions’ discontinuities and Lipschitzness.
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Upper bound on estimation error |γ̂ − γ|
based on dispersion
 −1 
Õ κ √ +n
N
√ 
 −1
κ +(n+1)2` `
√
Õ
N
 −1 3/2 
κ √
+n
Õ
N
 −1

2
Õ κ √+nm

Mechanism(s)
First-price single-item auction
First-price combinatorial auction over ` items
Generalized second-price auction
Discriminatory auction over m units of a
single good

N

Uniform-price auction over m units of a
single good

Õ



κ −1√
+nm2
N

Second-price auction with spiteful bidders

Õ



1
κ−
√ +n
N





Table 9.1: Our estimation error upper bounds based on dispersion. The value κ is defined such
that [0, κ ] contains the range of the density functions defining the agents’ type distribution.

9.2.2

Dispersion and pseudo-dimension guarantees

We now provide dispersion and pseudo-dimension guarantees for a variety of mechanism classes.
The theorems in this section allow us to instantiate the bounds from the previous section and
thus understand how well our empirical incentive compatibility approximation factor matches
the true approximation factor. We summarize our guarantees in Table 9.1.
(N)
(1)
Given an agent i ∈ [n], a true type θi ∈ [0, 1]m , and a set of samples θ−i , . . . , θ−i ∼ D−i ,


( j)
we often find that the discontinuities of each function ui,M θi , ·, θ−i are highly dependent on
( j)

the vector θ−i . For example, under the first-price single-item auction, the discontinuities of the


( j)
( j)
( j)
function ui,M θi , ·, θ−i occur when θ̂i = θ−i . Since each vector θ−i is a random draw from
∞

the distribution D−i , these functions will not be dispersed if these random draws are highlyconcentrated. For this reason, we focus on type distributions with κ-bounded density functions. A
density function φ : R → R is κ-bounded if max{φ( x )} ≤ κ. For example, the density function
of any normal distribution with standard deviation σ ∈ R is σ√12π -bounded.
m
The challenge we
 face inthis section is that it is not enough to show that for some θi ∈ [0, 1] ,
(1)

(N)

the functions ui,M θi , ·, θ−i , . . . , ui,M θi , ·, θ−i are dispersed. Rather, we must prove that for
all type vectors, the dispersion property holds. This facet of our analysis is notably different
from prior work by Balcan et al. [22]: in their applications, it is enough to show that with
high probability, a single, finite sequence of functions is dispersed. In contrast, we show that
under mild assumptions, with high probability, each function sequence from an infinite family is
dispersed.
In a bit more detail, there are two types of sequences we must prove are dispersed. The
first are defined by functions over reported types θ̂i , with one sequence for each true type θi ; the
second are defined by functions over true types θi with one sequence
for
typeθ̂i . In

 each reported

(1)

(N)

other words, sequences of the first type have the form ui,M θi , ·, θ−i , . . . , ui,M θi , ·, θ−i and




(1)
(N)
sequences of the second type have the form ui,M ·, θ̂i , θ−i , . . . , ui,M ·, θ̂i , θ−i . For the first
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family of sequences, we show that discontinuities occur only when agent i’s shift in her reported
type causes the allocation to change. These change-points have nothing to do with the true type
θi (which the mechanism does not see), so all the sequences have the same discontinuities (see, for
example in Lemma 9.2.7). As a result, it is enough prove dispersion for a single generic sequence,
defined by an arbitrary θi —as we do, for example, in Theorem 9.2.8—in order to guarantee
dispersion for all of the sequences. Throughout our applications, the second type of sequence is
even simpler. These functions have no discontinuities at all, because the allocation is invariant
as we vary the true type θi (because, again, the mechanism does not see θi ). Therefore, these
functions are either constant if the player was not allocated anything, or linear otherwise (see,
for example, Theorem 9.2.9). As a result, all sequences from this second family are immediately
dispersed.
First-price single-item auction
To develop intuition, we begin by analyzing the first-price auction for a single item. We then
analyze the first-price combinatorial auction. Under this auction, each agent i ∈ [n] has a value
θi ∈ [0, 1] for the item and submits a bid θ̂i ∈ [0, 1]. The agent with
 the highest bid wins the
 item
and pays his bid. Therefore, agent i’s utility function is ui,M θ, θ̂ = 1{θ̂i >kθ̂−i k } θi − θ̂i .
∞

To prove our dispersion guarantees, we begin with the following helpful lemma.
o
n
(1)
(N)
Lemma 9.2.7. For any agent i ∈ [n], any set S−i = θ−i , . . . , θ−i , and any type θi ∈ [0, 1], the




(N)
(1)
functions ui,M θi , ·, θ−i , . . . , ui,M θi , ·, θ−i are piecewise 1-Lipschitz and their discontinuities fall in
n
o
( j)
the set
θ−i
.
∞

j∈[ N ]

We now use Lemma 9.2.7 to prove our first dispersion guarantee.
Theorem 9.2.8. Suppose each agent’s ntype has a κ-bounded
density function. With probability 1 −
o
(1)
(N)
N , we have that for all agents i ∈ [ n ]
∼ D−
δ over the draw of the n sets S−i = θ−i , . . . , θ−i


 i

(N)
(1)
and types θi ∈ [0, 1], the functions ui,M θi , ·, θ−i , . . . , ui,M θi , ·, θ−i are piecewise 1-Lipschitz and
   √ 
 √ 
O 1/ κ N , Õ n N -dispersed.
Theorem 9.2.9. For all agents i ∈ [n], reported types θ̂i ∈ [0, 1], and type profiles θ−i ∈ [0, 1]n−1 , the
function ui,M ·, θ̂i , θ−i is 1-Lipschitz.
Next, we prove the following pseudo-dimension bound.
Theorem 9.2.10. For any agent i ∈ [n], the pseudo-dimension of the class Fi,M is 2.
First-price combinatorial auction
`

Under this auction, there are ` items for sale and each agent’s type θi ∈ [0, 1]2 indicates his value
for each bundle b ⊆ [`]. We denote his value and bid for bundle b as θi (b) and θ̂i (b), respectively.
The allocation (b1∗ , . . . , bn∗ ) is the solution to the winner determination problem:
maximize ∑in=1 θ̂i (bi )
subject to bi ∩ bi0 = ∅ ∀i, i0 ∈ [n], i 6= i0 .
Each agent i ∈ [n] pays θ̂i (bi∗ ).
We begin with dispersion guarantees.
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Theorem 9.2.11. Suppose that for each pair of agents i, i0 ∈ [n] and each pair of bundles b, b0 ⊆
[`], the values θi (b) and θi0 (b0 ) have
n a κ-bounded
o joint density function. With probability 1 − δ over
(1)
(N)
N , we have that for all agents i ∈ [ n ] and
the draw of the n sets S−i = θ−i , . . . , θ−i
∼ D−
i




`
(1)
(N)
2
types θi ∈ [0, 1] , the functions ui,M θi , ·, θ−i , . . . , ui,M θi , ·, θ−i are piecewise 1-Lipschitz and
   √ 

√ 
O 1/ κ N , Õ (n + 1)2` N ` -dispersed.
`

`

Theorem 9.2.12. For all agents
i ∈ [n], reported types θ̂i ∈ [0, 1]2 , and type profiles θ−i ∈ [0, 1](n−1)2 ,

the function ui,M ·, θ̂i , θ−i is 1-Lipschitz.
Next, we prove the following pseudo-dimension bound.

Theorem 9.2.13. For any agent i ∈ [n], the pseudo-dimension of the class Fi,M is O `2` log n .
Generalized second-price auction
A generalized second-price auction allocates m advertising slots to a set of n > m agents. Each
slot s has a probability αs,i of being clicked if agent i’s advertisement is in that slot. We assume
αs,i is fixed and known by the mechanism designer. The mechanism designer assigns a weight
ωi ∈ (0, 1] per agent i. Each agent has a value θi ∈ [0, 1] for a click and submits a bid θ̂i ∈
[0, 1]. The mechanism allocates the first slot to the agent with the highest weighted bid ωi θ̂i , the
second slot to the agent with the second highest weighted bid, and so on. Let π (s) be the agent
allocated slot s. If slot s is clicked on, agent π (s) pays the lowest amount that would have given

him slot s, which is ωπ (s+1) θ̂π (s+1) /ωπ (s) . Agent π (s)’s expected utility is thus uπ (s),M θ, θ̂ =


αs,π (s) θπ (s) − ωπ (s+1) θ̂π (s+1) /ωπ (s) .

For r ∈ Z≥1 , let Mr be the set of auctions defined by agent weights from the set 1r , 2r , . . . , 1 .
We begin by proving dispersion guarantees.
Theorem 9.2.14. Suppose each agent’s
n type has a oκ-bounded density function. With probability 1 − δ
(1)
(N)
N , we have that for all agents i ∈ [ n ], types
∼ D−
over the draw of the n sets S−i = θ−i , . . . , θ−i



 i
(N)
(1)
θi ∈ [0, 1], and mechanisms M ∈ Mr , the functions ui,M θi , ·, θ−i , . . . , ui,M θi , ·, θ−i are piecewise
   √ 
√

3
0-Lipschitz and O 1/ rκ N , Õ
n N -dispersed.
Theorem 9.2.15. For all agents i ∈ [n], all reported types θ̂i ∈ [0, 1], all type profiles θ−i ∈ [0, 1]n−1 ,
and all generalized second-price auctions M, the function ui,M ·, θ̂i , θ−i is 1-Lipschitz.
We now provide the following pseudo-dimension guarantee.
Theorem 9.2.16. For any agent i ∈ [n] and r ∈ Z≥1 , Pdim (Fi,Mr ) = O (n log n) .
Discriminatory auction
Under the discriminatory auction, there are m identical units of a single item for sale. For each
agent i ∈ [n], his type θi ∈ [0, 1]m indicates how much he is willing to pay for each additional
unit. Thus, θi [1] is the amount he is willing to pay for one unit, θi [1] + θi [2] is the amount he
is willing to pay for two units, and so on. We assume that θi [1] ≥ θi [2] ≥ · · · ≥ θi [m]. The
auctioneer collects nm bids θ̂i [µ] for i ∈ [n] and µ ∈ [m]. If exactly mi of agent i’s bids are among
i
the m highest of all nm bids, then agent i is awarded mi units and pays ∑m
µ=1 θ̂i [ µ ].
We begin with dispersion guarantees.
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( j)
Figure 9.2: Graph of u1,M θ1 , ·, θ−1 for a spiteful agent under a second-price auction with
α1 = θ1 = 12 , kθ−1 k∞ = 34 , and s( j) = 14 .
Theorem 9.2.17. Suppose that each agent’s value for each marginal
unit has
n
o a κ-bounded density function.
(1)

(N)

N , for all agents i ∈ [ n ]
With probability 1 − δ over the draw of the n sets S−i = θ−i , . . . , θ−i ∼ D−
i




(1)
(N)
m
and types θi ∈ [0, 1] , the functions ui,M θi , ·, θ−i , . . . , ui,M θi , ·, θ−i are piecewise 1-Lipschitz and
   √ 

√ 
O 1/ κ N , Õ nm2 N -dispersed.

Theorem 9.2.18. For all agents
i ∈ [n], reported types θ̂i ∈ [0, 1]m , and type profiles θ−i ∈ [0, 1](n−1)m ,

the function ui,M ·, θ̂i , θ−i is 1-Lipschitz.
Next, we prove the following pseudo-dimension bound.
Theorem 9.2.19. For any agent i ∈ [n], the pseudo-dimension of the class Fi,M is O (m log(nm)).
Uniform-price auction
Under this auction, the allocation rule is the same as in the discriminatory auction. However, all
m units are sold at a “market-clearing” price, meaning the total amount demanded equals the
total amount supplied. We obtain the same bounds as we do for the discriminatory auction.
Second-price auction with spiteful agents
We conclude by studying spiteful agents [38, 144, 177, 180], where each bidder’s utility not only
increases when his surplus increases, but also decreases when the other bidders’ surpluses increase. Formally,
 given a spite parameter αi ∈ [0, 1], agent i’s utility under the second-price auction

M is ui,M θ, θ̂ = αi 1{θ̂i >kθ̂−i k } θi − θ̂−i ∞ − (1 − αi ) ∑i0 6=i 1{θ̂ 0 >kθ̂ 0 k } θi0 − θ̂−i0 ∞ . The
i

∞

closer αi is to zero, the more spiteful bidder i is.

−i

∞



( j)
We begin with the following lemma, which follows from the form of u1,M θ1 , ·, θ−1 (see
Figure 9.2).
n
o
(1)
(N)
Lemma 9.2.20. For any agent i ∈ [n], any S−i = θ−i , . . . , θ−i , and any type θi ∈ [0, 1], the




(1)
(N)
functions ui,M θi , ·, θ−i , . . . , ui,M θi , ·, θ−i are piecewise 1-Lipschitz and their discontinuities fall in
o
n
( j)
.
the set
θ−i
∞

j∈[ N ]

Lemma 9.2.20 implies the following dispersion guarantee.
Theorem 9.2.21. Suppose each agent’sntype has a κ-bounded
density function. With probability 1 −
o
(1)
(N)
N
δ over the draw of the n sets S−i = θ−i , . . . , θ−i
∼ D−i , we have that for all agents i ∈ [n]
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(1)
(N)
and types θi ∈ [0, 1], the functions ui,M θi , ·, θ−i , . . . , ui,M θi , ·, θ−i are piecewise 1-Lipschitz and
   √ 
 √ 
O 1/ κ N , Õ n N -dispersed.
n −1
Theorem 9.2.22. For all
 agents i ∈ [n], reported types θ̂i ∈ [0, 1], and type profiles θ−i ∈ [0, 1] , the
function ui,M ·, θ̂i , θ−i is 1-Lipschitz.

We conclude with the following pseudo-dimension bound.
Theorem 9.2.23. For any agent i ∈ [n], the pseudo-dimension of the class Fi,M is O(1).
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Part II

Learning algorithms
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Chapter 10

Batch learning algorithms

Recently, two lines of research have emerged that explore the theoretical underpinnings of algorithm configuration. One—which we covered extensively in Part I—provides sample complexity
guarantees, bounding the number of samples sufficient to ensure that an algorithm’s performance on average over the samples generalizes to its expected performance on the distribution [20, 21, 89]. These sample complexity bounds apply no matter how the learning algorithm
operates, and these papers do not include learning algorithms that extend beyond exhaustive
search.
The second line of research provides algorithms for finding nearly-optimal configurations
from a finite set [109, 110, 185, 186]. These algorithms can also be used when the parameter
space is infinite: for any γ ∈ (0, 1), first sample Ω̃(1/γ) configurations, and then run the algorithm over this finite set. The authors guarantee that the output configuration will be within
the top γ-quantile. If there is only a small region of high-performing parameters, however, the
uniform sample might completely miss all good parameters. Algorithm configuration problems
with only tiny pockets of high-performing parameters do indeed exist: in Chapter 3, we presented distributions over integer programs where the optimal parameters lie within an arbitrarily
small region of the parameter space. For any parameter within that region, branch-and-bound—
the most widely-used integer programming algorithm—terminates instantaneously. Using any
other parameter, branch-and-bound takes an exponential number of steps. This region of optimal parameters can be made so small that any random sampling technique would require an
arbitrarily large sample of parameters to hit that region. We discuss this example in more detail
in Section 10.4.
This chapter marries these two lines of research. We present an algorithm that identifies a
finite set of promising parameters within an infinite set, given sample access to a distribution
over problem instances. We prove that this set contains a nearly optimal parameter with high
probability. The set can serve as the input to a configuration algorithm for finite parameter
spaces [109, 110, 185, 186], which we prove will then return a nearly optimal parameter from the
infinite set.
An obstacle in our approach is that the loss function measuring an algorithm’s performance
as a function of its parameters often exhibits jump discontinuities: a nudge to the parameters can
trigger substantial changes in the algorithm’s behavior. In order to provide guarantees, we must
tease out useful structure in the configuration problems we study.
The structure we identify is simple yet ubiquitous in combinatorial domains: our approach
applies to any configuration problem where the algorithm’s performance as a function of its
parameters is piecewise constant. Prior research has demonstrated that algorithm configuration
problems from diverse domains exhibit this structure. For example, in Chapter 3, we uncovered
this structure for branch-and-bound algorithm configuration. Many corporations must regularly
solve reams of integer programs, and therefore require highly customized solvers. For example,
integer programs are a part of many mesh processing pipelines in computer graphics [36]. Animation studios with thousands of meshes require carefully tuned solvers which, thus far, domain
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experts have handcrafted [37]. Our algorithm can be used to find configurations that minimize
the branch-and-bound tree size. Balcan et al. [20] also exhibit this piecewise-constant structure
in the context of linkage-based hierarchical clustering algorithms. The algorithm families they
study interpolate between the classic single-, complete-, and average-linkage procedures. Building the cluster hierarchy is expensive: the best-known algorithm’s runtime is Õ(n2 ) given n
datapoints [136]. As with branch-and-bound, our algorithm finds configurations that return
satisfactory clusterings while minimizing the hierarchy tree size.
We now describe our algorithm at a high level. Let ` be a loss function where `ρ (z) measures
the computational resources (running time, for example) required to solve problem instance z
using the algorithm
parameterized by the vector ρ. Let OPT be the smallest expected loss1

Ez∼D `ρ (z) of any parameter ρ, where D is an unknown distribution over problem instances.
Our algorithm maintains upper confidence bound on OPT, initially set to ∞. On each round t,
the algorithm begins by drawing a set St of sample problem instances. It computes the partition
of the parameter space into regions where for each problem instance in St , the loss `, capped at
2t , is a constant function of the parameters. On a given region of this partition, if the average
capped loss is sufficiently low, the algorithm chooses an arbitrary parameter from that region and
deems it “good.” Once the cap 2t has grown sufficiently large compared to the upper confidence
bound on OPT, the algorithm returns the set of good parameters. We summarize our guarantees
informally below.
Theorem 10.0.1 (Informal). The following guarantees hold:
1. The set of output parameters contains a nearly-optimal parameter with high probability.
√

2. Given accuracy parameters e and δ, the algorithm terminates after O ln 4 1 + e · OPT/δ rounds.
3. On the algorithm’s final round, let P be
the algorithm computes. The number
√the size of the partition

of parameters it outputs is O P · ln 4 1 + e · OPT/δ .
4. The algorithm’s sample complexity on each round t is polynomial in 2t (which scales linearly with
OPT), log P, the parameter space dimension, 1δ , and 1e .
We prove that our sample complexity can be exponentially better than the best-known uniform convergence bound. Moreover, it can find strong configurations in scenarios where uniformly sampling configurations will fail.
The results in this section are joint work with Nina Balcan and Tuomas Sandholm [28]. Our
current results were published in AAAI 2020.

10.1 Problem definition
The algorithm configuration model we adopt is a generalization of the model from prior research
by Kleinberg et al. [109, 110] and Weisz et al. [185, 186]. There is a set Z of problem instances and
an unknown distribution D over Z . For example, this distribution might represent the integer
programs an airline solves day to day. Each algorithm is parameterized by a vector ρ ∈ P ⊆ Rd .
At a high level, we assume we can set a budget on the computational resources the algorithm
consumes, which we quantify using an integer τ ∈ Z≥0 . For example, τ might measure the
maximum running time we allow the algorithm. There is a utility function U : P × Z × Z≥0 →
1 As

we describe in Section 2, we compete with a slightly more nuanced benchmark than OPT, in line with prior
research.
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Figure 10.1: Fix a parameter vector ρ. The figure is a hypothetical illustration of the cumulative
density function of
 `ρ (z) when
 z is sampled from D . For each value τ along the x-axis, the solid
line equals Prz∼D `ρ (z) ≤ τ . The
 dotted line
 equals the constant function 1 − δ. Since 100 is the
largest integer such that Prz∼D `ρ (z) ≥ 100 ≥ δ, we have that tδ (ρ) = 100.

{0, 1}, where U (ρ, z, τ ) = 1 if and only if the algorithm parameterized by ρ returns a solution to
the instance z given a budget of τ. We make the natural assumption that the algorithm is more
likely to find a solution the higher its budget: U (ρ, z, τ ) ≥ U (ρ, z, τ 0 ) for τ ≥ τ 0 . Finally, for every
parameter vector ρ ∈ P , there is a loss function `ρ : Z → Z≥0 which measures the minimum
budget the algorithm requires to find a solution. Specifically, `ρ (z) = ∞ if U (ρ, z, τ ) = 0 for
all τ, and otherwise, `ρ (z) = argmin {τ : U (ρ, z, τ ) = 1}. In Section 10.1.1, we provide several
examples of this problem definition instantiated for combinatorial problems.
The distribution D over problem instances is unknown, so we use samples from D to find a
parameter vector ρ̂ ∈ P with small expected loss. Ideally, we could guarantee that
E

z∼D







`ρ̂ (z) ≤ (1 + e) inf

ρ∈P

E

z∼D



`ρ (z)




.

(10.1)

Unfortunately, this ideal goal is impossible to achieve with a finite number of samples, even in
the extremely simple case where there are only two configurations, as illustrated below.
Example 10.1.1. [Weisz et al. [186]] Let P = {1, 2} be a set of two configurations. Suppose
that the loss of the first configuration is 2 for all problem instances: `1 (z) = 2 for all z ∈ Z .
Meanwhile, suppose that `2 (z) = ∞ with probability δ for some δ ∈ (0, 1) and `2 (z) = 1 with
probability 1 − δ. In this case, Ez∼D [`1 (z)] = 2 and Ez∼D [`2 (z)] = ∞. In order for any algorithm
to verify that the first configuration’s expected loss is substantially better than the second’s, it
must sample at least one problem instance z such that `2 (z) = ∞. Therefore, it must sample
Ω(1/δ) problem instances, a lower bound that approaches infinity as δ shrinks. As a result, it is
impossible to give a finite bound on the number of samples sufficient to find a parameter ρ̂ that
satisfies Equation (10.1).
The obstacle that this example exposes is that some configurations might have an enormous
loss on a few rare problem instances. To deal with this impossibility result, Weisz et al. [185, 186],
building off of work by Kleinberg et al. [109, 110], propose a relaxed notion of approximate
optimality. To describe this relaxation, we introduce the following notation. Given δ ∈ (0, 1) and
a parameter vector ρ ∈ P , let tδ (ρ) be the largest cutoff τ ∈ Z≥0 such
 that the probability `ρ (z)
is greater than τ is at least δ. Mathematically, tδ (ρ) = argmaxτ ∈Z Prz∼D [`ρ (z) ≥ τ ] ≥ δ . The
value tδ (ρ) can be thought of as the beginning of the loss function’s “δ-tail.” We illustrate the
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definition of tδ (ρ) in Figure 10.1. We now define the relaxed notion of approximate optimality
by Weisz et al. [185].
Definition 10.1.2 ((e, δ, P )-optimality). A parameter vector ρ̂ is (e, δ, P )-optimal if








min
`
(
z
)
,
t
ρ̂
≤
(
1
+
e
)
inf
min
`
(
z
)
,
t
(
ρ
)
.
(
)
E
E
ρ̂
ρ
δ
δ/2
z∼D

ρ∈P

z∼D

In other words, a parameter vector ρ̂ is (e, δ, P )-optimal if its δ-capped expected loss is within a
(1 + e)-factor
of
expected loss.2 To condense notation,
we write OPTcδ :=
 theoptimal δ/2-capped



infρ∈P Ez∼D min `ρ (z), tcδ (ρ)
. If an algorithm returns an e, δ, P̄ -optimal parameter from
within a finite set P̄ , we call it a configuration algorithm for finite parameter spaces. Weisz et al. [186]
provide one such algorithm, CapsAndRuns.

10.1.1

Example applications

In this section, we provide several instantiations of our problem definition in combinatorial domains.
Tree search. Tree search algorithms, such as branch-and-bound, are the most widely-used tools
for solving combinatorial problems, such as (mixed) integer programs and constraint satisfaction
problems. These algorithms recursively partition the search space to find an optimal solution,
organizing this partition as a tree. Commercial solvers such as CPLEX, which use tree search under the hood, come with hundreds of tunable parameters. Researchers have developed machine
learning algorithms for tuning these parameters [17, 21, 67, 95, 101, 107, 108, 117, 190]. Given
parameters ρ and a problem instance z, we might define the budget τ to cap the size of the tree
the algorithm builds. In that case, the utility function is defined such that U (ρ, z, τ ) = 1 if and
only if the algorithm terminates, having found the optimal solution, after building a tree of size
τ. The loss `ρ (z) equals the size of the entire tree built by the algorithm parameterized by ρ given
the instance z as input.
Clustering. Given a set of datapoints and the distances between each point, the goal in clustering is to partition the points into subsets so that points within any set are “similar.” Clustering
algorithms are used to group proteins by function, classify images by subject, and myriad other
applications. Typically, the quality of a clustering is measured by an objective function, such as
the classic k-means, k-median, or k-center objectives. Unfortunately, it is NP-hard to determine
the clustering that minimizes any of these objectives. As a result, researchers have developed
a wealth of approximation and heuristic clustering algorithms. However, no one algorithm is
optimal across all applications.
Balcan et al. [20] provide sample complexity guarantees for clustering algorithm configuration. Each problem instance is a set of datapoints and there is a distribution over clustering
problem instances. They analyze several infinite classes of clustering algorithms. Each of these
algorithms begins with a linkage-based step and concludes with a dynamic programming step.
The linkage-based routine constructs a hierarchical tree of clusters. At the beginning of the process, each datapoint is in a cluster of its own. The algorithm sequentially merges the clusters into
larger clusters until all elements are in the same cluster. There are many ways to build this tree:
2 The fraction δ/2 can be replaced with any cδ for c ∈ (0, 1). Ideally, we would replace δ/2 with δ, but the resulting
property would be impossible to verify with high probability [185].
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merge the clusters that are closest in terms of their two closest points (single-linkage), their two
farthest points (complete-linkage), or on average over all pairs of points (average-linkage). These
linkage procedures are commonly used in practice [12, 166, 187] and come with theoretical guarantees. Balcan et al. [20] study an infinite parameterization, ρ-linkage, that interpolates between
single-, average-, and complete-linkage. After building the cluster tree, the dynamic programming step returns the pruning of this tree that minimizes a fixed objective function, such as the
k-means, k-median, or k-center objectives.
Building the full hierarchy is expensive: the best-known algorithm’s runtime is O(n2 log n),
where n is the number of datapoints [136]. It is not always necessary, however, to build the
entire tree: the algorithm can preemptively terminate the linkage step after τ merges, then use
dynamic programming to recover the best pruning of the cluster forest. We refer to this variation
as τ-capped ρ-linkage. To evaluate the resulting clustering, we assume there is a cost function
c : P × Z × Z → R where c(ρ, z, τ ) measures the quality of the clustering τ-capped ρ-linkage
returns, given the instance z as input. We assume there is a threshold θz where the clustering is
admissible if and only if c(ρ, z, τ ) ≤ θz , which means the utility function is defined as U (ρ, z, τ ) =
1{c(ρ,z,τ )≤θz } . For example, c(ρ, z, τ ) might measure the clustering’s k-means objective value, and
θz might equal the optimal k-means objective value (obtained only for the training instances via
an expensive computation) plus an error term.

10.2 Data-dependent discretizations of infinite parameter spaces
We begin this section by proving an intuitive fact: given a finite subset P̄ ⊂ P of parameters that
contains at least one “sufficiently good” parameter, a configuration algorithm for finite parameter
spaces, such as CapsAndRuns [186], returns a parameter that’s nearly optimal over the infinite
set P . Therefore, our goal is to provide an algorithm that takes as input an infinite parameter
space and returns a finite subset that contains at least one good parameter. A bit√more formally,
a parameter is “sufficiently good” if its δ/2-capped expected loss is within a 1 + e-factor of
OPTδ/4 . We say a finite parameter set P̄ is an (e, δ)-optimal subset if it contains a good parameter.
Definition 10.2.1 ((e, δ)-optimal
A finite set
 P̄√⊂ P is an (e, δ)-optimal subset if there is a
 subset).

vector ρ̂ ∈ P̄ such that Ez∼D min `ρ̂ (z), tδ/2 (ρ̂) ≤ 1 + e · OPTδ/4 .
We now prove that given an (e, δ)-optimal subset P̄ ⊂ P , a configuration algorithm for finite
parameter spaces returns a nearly optimal parameter from the infinite space P .

√
Theorem
10.2.2. Let P̄ ⊂ P be an (e, δ)-optimal subset
and let e0 = 1 + e − 1. Suppose ρ̂ ∈ P̄ is


e0 , δ, P̄ -optimal. Then Ez∼D min `ρ̂ (z), tδ (ρ̂) ≤ (1 + e) · OPTδ/4 .

10.3 Our main result: An algorithm for learning (e, δ)-optimal subsets
We present an algorithm for learning (e, δ)-optimal subsets for configuration problems that
satisfy a simple, yet ubiquitous structure: for any problem instance z, the loss function is a
piecewise-constant function of the parameters. This structure has been observed throughout a
diverse array of configuration problems, as we demonstrated in Part I. More formally, this structure holds if for any problem instance z ∈ Z and cap τ ∈ Z≥0 , there is a finite partition of the
parameter space P such
 that in any one
 region R of this partition, for all pairs of parameter
0
vectors ρ, ρ ∈ R, min `ρ (z), τ = min `ρ0 (z), τ .
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Algorithm 5 Algorithm for learning (e, δ)-optimal subsets
Input: Parameters
ζ ∈ (0, 1), e > 0.
 δ,√
4
1: Set η ← min 81
1 + e − 1 , 19 , t ← 1, T ← ∞, and G ← ∅.
2: while 2t−3 δ < T do
3:
Set St ← {z}, where z ∼ D .
4:
while ηδ is smaller than
s
s
t
8 (2t |St | t)2
2d ln |GetPartition (St , 2 )|
8
+
ln
ζ
|St |
|St |

5:
6:
7:
8:
9:

do Draw z ∼ D and add z to St .

Compute tuples (P1 , r1 , τ1 ) , . . . , (Pk , rk , τk ) ← GetPartition St , 2t .
for i ∈ {1, . . . , k } with ri ≥ 1 − 3δ/8 do
Set G ← G ∪ {Pi }.
Sort the elements of τi : τ1 ≤ · · · ≤ τ|St | .
n
o
|S |
Set T 0 ← |S1t | ∑m=t 1 min τm , τb|St |(1−3δ/8)c .

if T 0 < T then Set T ← T 0 .
11:
t ← t + 1.
12: For each set P 0 ∈ G , select a vector ρP 0 ∈ P 0 .
Output: The (e, δ)-optimal set {ρP 0 | P 0 ∈ G}.
10:

To exploit this piecewise-constant structure, we require access to a function GetPartition
that takes as input a set S of problem instances and an integer τ and returns this partition of the
parameters. Namely, it returns a set of tuples (P1 , r1 , τ1 ) , . . . , (Pk , rk , τk ) ∈ 2P × [0, 1] × Z|S| such
that:
1. The sets P1 , . . . , Pk make up a partition of P .
2. For all subsets Pi and vectors ρ, ρ0 ∈ Pi ,

1
|S|

∑z∈S 1{`ρ (z)≤τ } =

1
|S|

∑z∈S 1{`

ρ0 ( z )≤ τ

} = ri .



3. For all subsets Pi , all ρ, ρ0 ∈ Pi , and all z ∈ S , min `ρ (z), τ = min `ρ0 (z), τ = τi [ j].
We assume the number of tuples GetPartition returns is monotone: if τ ≤ τ 0 , then

|GetPartition(S , τ )| ≤ GetPartition(S , τ 0 )
and if S ⊆ S 0 , then |GetPartition(S , τ )| ≤ |GetPartition(S 0 , τ )|.
Results from prior research imply guidance for implementing GetPartition in the contexts
of clustering and integer programming. For example, in the clustering application we describe
in Section 10.1.1, the distribution D is over clustering instances. Suppose n is an upper bound
on the number of points in each instance. Balcan et al. [20] prove that for
 any set S of samples and any cap τ, in the worst case, |GetPartition(S , τ )| = O |S|n8 , though empirically,
|GetPartition(S , τ )| is often several orders of magnitude smaller [27]. Balcan et al. [20, 27]
provide guidance for implementing GetPartition.
High-level description of algorithm. We now describe our algorithm for learning (e, δ)-optimal
subsets. See Algorithm 5 for the pseudocode. The algorithm maintains a variable T, initially set
85

to ∞, which roughly represents an upper confidence bound on OPTδ/4 . It also maintains a set
G of parameters which the algorithm believes might be nearly optimal. The algorithm begins
by aggressively capping the maximum loss ` it computes by 1. At the beginning of each round,
the algorithm doubles this cap until the cap grows sufficiently large compared to the upper
confidence bound T. At that point, the algorithm terminates. On each round t, the algorithm
draws a set
(Step 4) that is just large enough to estimate the expected 2t -capped
 St of
 samples

loss Ez∼D min `ρ (z), 2t for every parameter ρ ∈ P . The number of samples it draws is a
data-dependent quantity that depends on empirical Rademacher complexity
[31, 113].

Next, the algorithm evaluates the function GetPartition St , 2t to obtain the tuples

(P1 , r1 , τ1 ) , . . . , (Pk , rk , τk ) ∈ 2P × [0, 1] × Z|St | .
By definition of this function, for all subsets Pi and parameter vector pairs ρ, ρ0 ∈ Pi , the fraction
of instances z ∈ St with `ρ (z) ≤ 2t is equal to the fraction of instances z ∈ St with `ρ0 (z) ≤ 2t . In
other words, |S1t | ∑z∈St 1{`ρ (z)≤2t } = |S1t | ∑z∈St 1{` 0 (z)≤2t } = ri . If this fraction is sufficiently high
ρ

(at least 1 − 3δ/8), the algorithm adds Pi to the set of good parameters G (Step 7). The algorithm
estimates the δ/4-capped expected loss of the parameters contained Pi , and if this estimate is
smaller than the current upper confidence bound T on OPTδ/4 , it updates T accordingly (Steps 8
through 10). Once the cap 2t has grown sufficiently large compared to the upper confidence
bound T, the algorithm returns an arbitrary parmeter from each set in G .
Algorithm analysis. We now provide guarantees on Algorithm 5’s performance. We denote the
values of t and T at termination by t̄ and T̄, and we denote the state of the set G at termination
by Ḡ . For each set P 0 ∈ Ḡ , we use the notation τP 0 to denote the value τb|St |(1−3δ/8)c in Step 9
during the iteration t that P 0 is added to G .
 √

( 4 1+ e −1 ) 1
Theorem 10.3.1. With probability 1 − ζ, the following conditions hold, with η = min
,
8
9
and c =

√
16 4 1+e
:
δ

1. Algorithm 5 terminates after t̄ = O (log (c · OPTδ/4 )) iterations.
2. Algorithm 5 returns an (e, δ)-optimal set of parameters of size at most
t̄

∑ |GetPartition (St , c · OPTδ/4 )| .

t =1

3. The sample complexity on round t ∈ [t̄], |St |, is

Õ

d ln |GetPartition (St , c · OPTδ/4 )| + c · OPTδ/4
η 2 δ2


.

10.4 Comparison to prior research
We now provide comparisons to prior research on algorithm configuration with provable guarantees. Both comparisons revolve around branch-and-bound (B&B) configuration for integer
programming (IP), overviewed in Section 10.1.1.
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Uniformly sampling configurations. Prior research provides algorithms for finding nearlyoptimal configurations from a finite set [109, 110, 185, 186]. If the parameter space is infinite
and their algorithms optimize over a uniformly-sampled set of Ω̃(1/γ) configurations, then the
output configuration will be within the top γ-quantile, with high probability. If the set of good
parameters is small, however, the uniform sample might not include any of them. Algorithm configuration problems where the high-performing parameters lie within a small region do exist, as
we illustrate in the following theorem. (This is Theorem 3.3.1, restated here for convenience.)
Theorem 10.4.1. For any 31 < a < b < 21 and n ≥ 6, there are infinitely-many distributions D over IPs
with n variables and a B&B parameter with range [0, 1] such that:
1. If ρ ≤ a, then `ρ (z) = 2(n−5)/4 with probability

1
2

and `ρ (z) = 8 with probability 12 .

1
2

and `ρ (z) = 8 with probability 21 .

2. If ρ ∈ ( a, b), then `ρ (z) = 8 with probability 1.
3. If ρ ≥ b, then `ρ (z) = 2(n−4)/2 with probability

Here, `ρ (z) measures the size of the tree B&B builds using the parameter ρ on the input integer program
j.
In the above configuration problem, any parameter in the range ( a, b) has a loss of 8 with
probability 1, which is the minimum possible loss. Any parameter outside of this range has an
abysmal expected loss of at least 2(n−6)/2 . In fact, for any δ ≤ 1/2, the δ-capped expected loss
of any parameter in the range [0, a] ∪ [b, 1] is at least 2(n−6)/2 . Therefore, if we uniformly sample
a finite set of parameters and optimize over this set using an algorithm for finite parameter
spaces [109, 110, 185, 186], we must ensure that we sample at least one parameter within ( a, b).
As a and b converge, however, the required number of samples shoots to infinity, as we formalize
below.
Theorem 10.4.2. For the B&B configuration problem in Theorem 10.4.1, with constant probability over
the draw of m = b1/(b − a)c parameters ρ1 , . . . , ρm ∼ Uniform[0, 1], {ρ1 , . . . , ρm } ∩ ( a, b) = ∅.
Meanwhile, Algorithm 5 quickly terminates, having found an optimal parameter, as we describe below.

Theorem 10.4.3. For the configuration problem in Theorem 10.4.1, Algorithm 5 terminates after Õ log 1δ
√


iterations, having drawn Õ((δη )−2 ) sample problem instances (where η = min 18 4 1 + e − 1 , 19 ),
and returns a set containing an optimal parameter in ( a, b).
Similarly, Balcan et al. [23] exemplify clustering configuration problems—which we overview
in Section 10.1.1—where the optimal parameters lie within an arbitrarily small region, and any
other parameter leads to significantly worse performance. As in Theorem 10.4.2, this means a
uniform sampling of the parameters will fail to find optimal parameters.
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Chapter 11

Beyond batch learning

Throughout this proposal, we have studied algorithm configuration in the classic batch learning
model: there is a distribution over problem instances, and the learning algorithm uses a training
set sampled from this distribution to learn a high-performing parameter setting. In this chapter,
we study an online approach to algorithm design, where there is no distribution over problem
instances. Rather, problem instances arrive one-by-one, and the goal is to use structure shared
across instances to gradually speed up the time it takes to find an optimal solution.
Our model is motivated by the following scenario. Consider computing the shortest path
from home to work every morning. The shortest path may vary from day to day—sometimes
side roads beat the highway; sometimes the bridge is closed due to construction. However,
although San Francisco and New York are contained in the same road network, it is unlikely that
a San Francisco-area commuter would ever find New York along her shortest path—the edge
times in the graph do not change that dramatically from day to day.
With this motivation in mind, we study a learning problem where the goal is to speed up
repeated computations when the sequence of instances share common substructure. Examples
include repeatedly computing the shortest path between the same two nodes on a graph with
varying edge weights, repeatedly computing string matchings, and repeatedly solving linear
programs with mildly varying objectives. Our work is in the spirit of recent work in batch
learning for algorithm configuration (discussed in Part I) and online learning [43], although with
some key differences, which we discuss below.
The basis of this work is the observation that for many realistic instances of repeated problems, vast swaths of the search space may never contain an optimal solution—perhaps the shortest path is always contained in a specific region of the road network; large portions of a DNA
string may never contain the patterns of interest; a few key linear programming constraints may
be the only ones that bind. Algorithms designed to satisfy worst-case guarantees may thus waste
substantial computation time on futile searching. For example, even if a single, fixed path from
home to work were best every day, Dijkstra’s algorithm would consider all nodes within distance
di from home on day i, where di is the length of the optimal path on day i, as illustrated in
Figure 11.1.
We develop a simple solution, inspired by online learning, that leverages this observation to
the maximal extent possible. On each problem, our algorithm typically searches over a small,
pruned subset of the solution space, which it learns over time. This pruning is the minimal subset
containing all previously returned solutions. These rounds are analogous to “exploit” rounds in
online learning. To learn a good subset, our algorithm occasionally deploys a worst-case-style
algorithm, which explores a large part of the solution space and guarantees correctness on any
instance. These rounds are analogous to “explore” rounds in online learning. If, for example, a
single fixed path were always optimal, our algorithm would almost always immediately output
that path, as it would be the only one in its pruned search space. Occasionally, it would run a
full Dijkstra’s computation to check if it should expand the pruned set. Roughly speaking, we
prove that our algorithm’s solution is almost always correct, but its cumulative runtime is not
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Figure 11.1: A standard algorithm computing the shortest path from the upper to the lower star
will explore many nodes (grey), even nodes in the opposite direction. Our algorithm learns to
prune to a subgraph (black) of nodes that have been included in prior shortest paths.
much larger than that of running an optimal algorithm on the maximally-pruned search space in
hindsight. Our results hold for worst-case sequences of problem instances, and we do not make
any distributional assumptions.
In a bit more detail, let f : Z → Y be a function that takes as input a problem instance
z ∈ Z and returns a solution y ∈ Y. Our algorithm receives a sequence of inputs from Z . Our
high-level goal is to correctly compute f on almost every round while minimizing runtime. For
example, each z ∈ Z might be a set of graph edge weights for some fixed graph G = (V, E) and
f (z) might be the shortest s-t path for some vertices s and t. Given a sequence z1 , . . . , z T ∈ Z , a
worst-case algorithm would simply compute and return f (zi ) for every instance zi . However, in
many application domains, we have access to other functions mapping Z to Y, which are faster
to compute. These simpler functions are defined by subsets S of a universe U that represents
the entire search space. We call each subset a “pruning” of the search space. For example, in
the shortest paths problem, U equals the set E of edges and a pruning S ⊂ E is a subset of the
edges. The function corresponding to S, which we denote f S : Z → Y, also takes as input edge
weights z, but returns the shortest path from s to t using only edges from the set S. By definition,
the function that is correct on every input is f = f U . We assume that for every z, there is a set
S∗ (z) ⊆ U such that f S (z) = f (z) if and only if S ⊇ S∗ (z) – a mild assumption we discuss in
more detail later on.
Given a sequence of inputs z1 , . . . , z T , our algorithm returns the value f Si (zi ) on round i,
where Si is chosen based on the first i inputs z1 , . . . , zi . Our goal is two fold: first, we hope
to minimize the size of each Si (and thereby maximally prune the search space), since |Si | is
often monotonically related to the runtime of computing f Si (zi ). For example, a shortest path
computation will typically run faster if we consider only paths that use a small subset of edges.
To this end, we prove that if S∗ is the smallest set such that f S∗ (zi ) = f (zi ) for all i (or equivalently,
S
S∗ = iT=1 S∗ (zi )), then
"
#
1 T
|U | − | S ∗ |
√
,
| Si | ≤ | S ∗ | +
E
∑
T i =1
T
where the expectation is over the algorithm’s randomness. At the same time, we seek to minimize
the the number of mistakes the our algorithm makes (i.e., rounds i where f (z√
i ) 6 = f Si ( zi )). We
∗
prove that the expected fraction of rounds i where f Si (zi ) 6= f (zi ) is O(|S |/ T ). Finally, the
expected runtime1 of the algorithm is the expected time required to compute f Si (zi ) for i ∈ [ T ],
1 As

we will formalize, when determining S1 , . . . , ST , our algorithm must compute the smallest set S such that
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√
plus O(|S∗ | T ) expected time to determine the subsets S1 , . . . , ST .
We instantiate our algorithm and corresponding theorem in three diverse settings—shortestpath routing, linear programming, and string matching—to illustrate the flexibility of our approach. We present experiments on real-world maps and economically-motivated linear programs. In the case of shortest-path routing, our algorithm’s performance is illustrated in Figure 11.1. Our algorithm explores up to five times fewer nodes on average than Dijkstra’s algorithm, while sacrificing accuracy on only a small number of rounds. In the case of linear
programming, when the objective function is perturbed on each round but the constraints remain invariant, we show that it is possible to significantly prune the constraint matrix, allowing
our algorithm to make fewer simplex iterations to find solutions that are nearly always optimal.
The results in this section are joint work with Daniel Alabi, Adam Tauman Kalai, Katrina
Ligett, Cameron Musco, and Christos Tzamos [4]. Our current results were published in COLT
2019.

11.1 Related work
The results in this chapter advance a recent line of research studying the foundations of algorithm configuration. Many of these works study a distributional setting, as in Part I: there is a
distribution over problem instances and the goal is to use a set of samples from this distribution
to determine an algorithm from some fixed class with the best expected performance. In our
setting, there is no distribution over instances: they may be adversarially selected.
Several papers provide guarantees for online algorithm configuration without distributional
assumptions from a theoretical perspective [22, 51, 89]. Before the arrival of any problem instance,
the learning algorithm fixes a class of algorithms to learn over. The classes of algorithms that
Gupta and Roughgarden [89], Cohen-Addad and Kanade [51], and Balcan et al. [22] study are
infinite, defined by real-valued parameters. The goal is to select parameters at each timestep
while minimizing regret. These papers provide conditions under which it is possible to design
algorithms achieving sublinear regret. These are conditions on the cost functions mapping the
real-valued parameters to the algorithm’s performance on any input (the “dual functions,” as
formalized in Chapter 7). In our setting, the choice of a pruning S can be viewed as a parameter,
but this parameter is combinatorial, not real-valued, so the prior analyses do not apply.
Several works have studied how to take advantage of structure shared over a sequence of
repeated computations for specific applications, including linear programming [30] and matching [63]. As in our work, these algorithms have full access to the problem instances they are
attempting to solve. These approaches are quite different (e.g., using machine classifiers) and
highly tailored to the application domain, whereas we provide a general algorithmic framework
and instantiate it in several different settings.
Since our algorithm receives input instances in an online fashion and makes no distributional
assumptions on these instances, our setting is reminiscent of online optimization. However,
unlike the typical online setting, we observe each input xi before choosing an output yi . Thus, if
runtime costs were not a concern, we could always return the best output for each input. We
seek to trade off correctness for lower runtime costs. In contrast, in online optimization, one
must commit to an output yi before seeing each input xi , in both the full information and bandit
settings [see, e.g., 13, 105]. In such a setting, one cannot hope to return the best yi for each xi with
f S (zi ) = f (zi ) on some of the inputs zi . In all of the applications we discuss, the total runtime required for these
computations is upper bounded by the total time required to compute f Si (zi ) for i ∈ [ T ].
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significant probability. Instead, the typical goal is that the performance over all inputs should
compete with the performance of the best fixed output in hindsight.

11.2 Model
We start by defining our model of repeated computation. Let Z be an abstract set of problem
instances and let Y be a set of possible solutions. We design an algorithm that operates over T
rounds: on round i, it receives an instance zi ∈ Z and returns some element of Y.
Definition 11.2.1 (Repeated algorithm). Over T rounds, a repeated algorithm A encounters a
sequence of inputs z1 , z2 , . . . , z T ∈ Z . On round i, after receiving input zi , it outputs A(z1:i ) ∈ Y,
where z1:i denotes the sequence z1 , . . . , zi . A repeated algorithm may maintain a state from period
to period, and thus A (z1:i ) may potentially depend on all of z1 , ..., zi .
We assume each problem instance z ∈ Z has a unique correct solution (invoking tie-breaking
assumptions as necessary; in Section 11.5, we discuss how to handle problems that admit multiple solutions). We denote the mapping from instances to correct solutions as f : Z → Y. For
example, in the case of shortest paths, we fix a graph G and a pair (s, t) of source and terminal
nodes. Each instance z ∈ Z represents a weighting of the graph’s edges. The set Y consists of
all paths from s to t in G. Then f (z) returns the shortest path from s to t in G, given the edge
weights z (breaking ties according to some canonical ordering of the elements of Y, as discussed
in Section 11.5). To measure correctness, we use a mistake bound model [see, e.g., 131].
Definition 11.2.2 (Repeated algorithm mistake bound). The mistake bound of the repeated algorithm A given inputs z1 , . . . , z T is
"
#
T

MT (A, z1:T ) = E

∑ I{A(z

1:i )6 = f ( zi )}

,

i =1

where the expectation is over the algorithm’s random choices.
To minimize the number of mistakes, the naı̈ve algorithm would simply compute the function
f (zi ) at every round i. However, in our applications, we will have the option of computing
other functions mapping the set Z of inputs to the set Y of outputs that are faster to compute
than f . Broadly speaking, these simpler functions are defined by subsets S of a universe U , or
“prunings” of U . For example, in the shortest paths problem, given a fixed graph G = (V, E) as
well as source and terminal nodes s, t ∈ V, the universe is the set of edges, i.e., U = E. Each input
z is a set of edge weights and f (z) computes the shortest s-t path in G under the input weights.
The simpler function corresponding to a subset S ⊂ E of edges also takes as input weights z, but
it returns the shortest path from s to t using only edges from the set S (with f S (z) = ⊥ if no such
path exists). Intuitively, the universe U contains all the information necessary to compute the
correct solution f (z) to any input z, whereas the function corresponding to a subset S ⊂ U can
only compute a subproblem using information restricted to S.
Let f S : Z → Y denote the function corresponding to the set S ⊆ U . We make two natural
assumptions on these functions. First, we assume the function corresponding to the universe U
is always correct. Second, we assume there is a unique smallest set S∗ (z) ⊆ U that any pruning
must contain in order to correctly compute f (z). These assumptions are summarized below.
Assumption 11.2.3. For all x ∈ Z , f U (z) = f (z). Also, there exists a unique smallest set S∗ (z) ⊆ U
such that f U (z) = f S (z) if and only if S∗ (z) ⊆ S.
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Figure 11.2: Repeated shortest paths and optimal pruning of a graph G. If the shortest path was
always s-b-e-t or s-b-d-t, it would be unnecessary to search the entire graph for each instance.
Given a sequence of inputs z1 , . . . , z T , our algorithm returns the value f Si (zi ) on round i,
where the choice of Si depends on the first i inputs z1 , . . . , zi . In our applications, it is typically
faster to compute f S over f S0 if |S| < |S0 |. Thus, our goal is to minimize the number of mistakes
the algorithm makes while simultaneously minimizing E [∑ |Si |]. Though we are agnostic to
the specific runtime of computing each function f Si , minimizing E [∑ |Si |] roughly amounts to
minimizing the search space size and our algorithm’s runtime in the applications we consider.
We now describe how this model can be instantiated in three classic settings: shortest-path
routing, string search, and linear programming.
Shortest-path routing. In the repeated shortest paths problem, we are given a graph G = (V, E)
(with static structure) and a fixed pair s, t ∈ V of source and terminal nodes. In period i ∈ [ T ],
the algorithm receives a nonnegative weight assignment zi : E → R≥0 . Figure 11.2 illustrates the
pruning model applied to the repeated shortest paths problem.
For this problem, the universe is the edge set (i.e., U = E) and S is a subset of edges in
the graph. The set Z consists of all possible weight assignments to edges in the graph G and
Y ⊆ 2E ∪ {⊥} is the set of all paths in the graph, with ⊥ indicating that no path exists. The
function f (z) returns the shortest s-t path in G given edge weights z. For any S ⊆ U , the
function f S : Z → Y computes the shortest s-t path on the subgraph induced by the edges in
S (breaking ties by a canonical edge ordering). If S does not include any s-t path, we define
f S (z) = ⊥. Part 1 of Assumption 11.2.3 holds because U = E, so f U computes the shortest path
on the entire graph. Part 2 of Assumption 11.2.3 also holds: since f S : Z → Y computes the
shortest s-t path on the subgraph induced by the edges in S (breaking ties by some canonical
edge ordering), we can see that f S (zi ) = S∗ (zi ) if and only if S∗ (zi ) ⊆ S. To “canonicalize” the
algorithm so there is always a unique solution, we assume there is a given ordering on edges and
that ties are broken lexicographically according to the path description. This is easily achieved
by keeping the heap maintained by Dijkstra’s algorithm sorted not only by distances but also
lexicographically.

Linear programming. We consider computing argmaxy∈Rn z T y : Ay ≤ b , where we assume
that ( A, b) ∈ Rm×n × Rm is fixed across all times steps but the vector zi ∈ Z ⊆ Rn defining the
objective function ziT y may differ for each i ∈ [ T ]. To instantiate our pruning model, the universe
U = [m] is the set of all constraint indices and each S ⊆ U indicates a subset of those constraints.
The set Y equals Rn ∪ {⊥}. For simplicity, we assume that the set Z ⊆ Rn of objectives contains
only directions z such that there is a unique solution y ∈ Rn that is the intersection of exactly n
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constraints in A. This avoids both dealing with solutions that are the intersection of more than n
constraints and directions that are under-determined and have infinitely-many solutions forming
a facet. See Section 11.5 for a discussion of this issue in general.
Given z 
∈ Rn , the function f computes the linear program’s optimal solution, i.e., f (z) =
argmaxy∈Rn z T y : Ay ≤ b . For a subset of constraints S ⊆ U , the function f S computes the
optimal solution restricted to those constraints, i.e., f S (z) = argmaxy∈Rn {z T y : AS y ≤ bS },
where AS ∈ R|S|×n is the submatrix of A consisting of the rows indexed by elements of S and
bS ∈ R|S| is the vector b with indices restricted to elements of S. We further write f S (z) = ⊥ if
there is no unique solution to the linear program (which may happen for small sets S even if the
whole LP does have a unique solution). Part 1 of Assumption 11.2.3 holds because AU = A and
bU = b, so it is indeed the case that f U = f . To see why part 2 of Assumption 11.2.3 also holds,
suppose that f S (z) = f (z). If f (z) 6= ⊥, the vector f S (z) must be the intersection of exactly n
constraints in AS , which by definition are indexed by elements of S. This means that S∗ (z) ⊆ S.
String search. In string search, the goal is to find the location of a short pattern in a long
string. At timestep i, the algorithm receives a long string qi of some fixedlength n anda pattern
(1)

(n)

and the
pi of some fixed length m ≤ n. We denote the long string as qi = qi , . . . , qi


(m)
(1)
. The goal is to find an index j ∈ [n − m + 1] such that pi =
pattern as pi = pi , . . . , pi


( j ) ( j +1)
( j + m −1)
. The function f returns the smallest such index j, or ⊥ if there is no
qi , qi
, . . . , qi
match. In this setting, the set Z of inputs consists of all string pairs of length n and m (e.g.,
{ A, T, G, C }n×m for DNA sequences) and the set Y = [n − m + 1] is the set of all possible match
indices. The universe U = [n − m + 1] also consists of all possible match
 indices. For any S ⊆ U,
( j)

( j +1)

( j + m −1)

,
the function f S (qi , pi ) returns the smallest index j ∈ S such that pi = qi , qi
, . . . , qi
∗
which we denote ji . It returns ⊥ if there is no match. We can see that part 1 of Assumption 11.2.3
holds: f U (q, p) = f (q, p) for all (q, p) ∈ Z , since f U checks every index in [n − m + 1] for
a match. Moreover, part 2 of Assumption 11.2.3 holds because f U (zi ) = f S (zi ) if and only if
S∗ (zi ) = { ji∗ } ⊆ S.

11.3 The algorithm
We now present an algorithm (Algorithm 6), denoted A∗ , that encounters a sequence of inputs
z1 , . . . , z T one-by-one. At timestep i, it computes the value f Si (zi ), where the choice of Si ⊆ U
depends on the first i inputs z1 , . . . , zi . We prove that, in expectation, the number of mistakes it
makes (i.e., rounds where f Si (zi ) 6= f (zi )) is small, as is ∑iT=1 |Si |.
Our algorithm keeps track of a pruning of U , which we call S̄i at timestep i. In the first
round, the pruned set is empty (S̄1 = ∅). On round i, with some probability pi , the algorithm
computes the function f U (zi ) and then computes S∗ (zi ), the unique smallest set that any pruning
must contain in order to correctly compute f U (zi ). (As we discuss in Section 11.3.1, in all of the
applications we consider, computing S∗ (zi ) amounts to evaluating f U (zi ).) The algorithm unions
S∗ (zi ) with S̄i to create the set S̄i+1 . Otherwise, with probability 1 − pi , it outputs f S̄i (zi ), and
does not update the set S̄i (i.e., S̄i+1 = S̄i ). It repeats in this fashion for all T rounds.
In the remainder of this section, we use the notation S∗ to denote the smallest set such that
f S∗ (zi ) = f (zi ) for all i ∈ [ T ]. We now provide a mistake bound for Algorithm 6.
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Algorithm 6 Our repeated algorithm A∗
S̄1 ← ∅
for i ∈ {1, . . . , T } do
3:
Receive input zi ∈ Z .
4:
With probability pi , output f U (zi ). Compute S∗ (zi ) and set S̄i+1 ← S̄i ∪ S∗ (zi ).
5:
Otherwise (with probability 1 − pi ), output f S̄i (zi ) and set S̄i+1 ← S̄i .
1:
2:

Theorem 11.3.1. For any p ∈ (0, 1] such that pi ≥ p for all i ∈ [ T ] and any inputs z1 , . . . , z T ,
Algorithm 6 has a mistake bound of
MT (A∗ , z1:T ) ≤

Corollary 11.3.2. Algorithm 6 with pi =

|S∗ |(1 − p)(1 − (1 − p)T )
|S∗ |
≤
.
p
p
1
√

i

√
has a mistake bound of MT (A∗ , z1:T ) ≤ |S∗ | T.

In the following theorem, we prove that the mistake bound in Theorem 11.3.1 is nearly tight.
In particular, we show that for any k ∈ {1, . . . , T } there exists a random sequence of inputs
z1 , . . . , z T such that E [|S∗ |] ≈ k and MT (A∗ , z1:T ) =
upper bound from Theorem 11.3.1 of

k (1− p)(1−(1− p/k ) T )
.
p

This nearly matches the

|S∗ |(1 − p)(1 − (1 − p)T )
.
p
Theorem 11.3.3. For any p ∈ (0, 1], any time horizon T, and any k ∈ {1, . . . , T }, there is a random
sequence of inputs to Algorithm 6 such that

T !
1
∗
E[|S |] = k 1 − 1 −
k
and its expected mistake bound with pi = p for all i ∈ [ T ] is
∗
E[ MT (A , z1:T )] =

k (1 − p)(1 − (1 − p/k )T )
.
p

The expectation is over the sequence of inputs.
In Theorem
 11.3.1, we bounded the expected number of mistakes Algorithm 6 makes. Next,
we bound E T1 ∑ |Si | , where Si is the set such that Algorithm 6 outputs f Si (zi ) in round i (so
either Si = S̄i or Si = U , depending on the algorithm’s random choice). In our applications,
minimizing E T1 ∑ |Si | means minimizing the search space size, which roughly amounts to
minimizing the average expected runtime of Algorithm 6.
Theorem 11.3.4. For any inputs z1 , . . . , z T , let S1 , . . . , ST be the sets such that on round i, Algorithm 6
computes the function f Si . Then
"
#
1 T
1 T
|Si | ≤ |S∗ | + ∑ pi (|U | − |S∗ |),
E
∑
T i =1
T i =1
where the randomness is over the coin tosses of Algorithm 6.
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√
√
If we set pi = 1/ i for all i, we have the following corollary, since ∑iT=1 pi ≤ 2 T.
Corollary 11.3.5. Given a set of inputs z1 , . . . , z T , let S1 , ..., ST be the sets such that on round i, Algorithm 6 computes the function f Si . If pi = √1 for all i ∈ [ T ], then
i

"

1
E
T

T

#

∑ | Si | ≤ | S ∗ | +

i =1

2(|U | − |S∗ |)
√
,
T

where the expectation is over the random choices of Algorithm 6.

11.3.1

Instantiations of Algorithm 6

We now revisit and discuss instantiations of Algorithm 6 for the three applications outlined in
Section 11.2: shortest-path routing, linear programming, and string search. For each problem,
we describe how one might compute the sets S∗ (zi ) for all i ∈ [ T ].
Shortest-path routing. In this setting, the algorithm computes the true shortest path f (z) using,
∗ ( z ) is simply the union of edges in that path.
say, Dijkstra’s shortest-path algorithm, and the set S√
∗
T
∗
∗
Since S = ∪i=1 S (zi ), the mistake bound of |S | T given by Corollary 11.3.2 is particularly
strong when the shortest path does not vary much from day to day. Corollary 11.3.5 guarantees
2(| E|−|S∗ |)
√
that the average edge set size run through Dijkstra’s algorithm is at most |S∗ | +
. Since
T

the worst-case running time of Dijkstra’s algorithm on a graph G 0 = (V 0 , E0 ) is Õ(|V 0 | + | E0 |),
minimizing the average edge set size is a good proxy for minimizing runtime.
Linear programming. In the context of linear programming, computing the set S∗ (zi ) is equivalent to computing f (z) and returning the set of tight constraints. Since S∗ = ∪iT=1 S∗ (zi ), the
√
mistake bound of |S∗ | T given by Corollary 11.3.2 is strongest when the same constraints are
tight across most timesteps. Corollary 11.3.5 guarantees that the average constraint set size con2(m−|S∗ |)
sidered in each round is at most |S∗ | + √
, where m is the total number of constraints. Since
T
many well-known solvers take time polynomial in |Si | to compute f Si , minimizing E [∑ |Si |] is a
close proxy for minimizing runtime.
String
search. In this 
setting, the set S∗ (qi , pi ) consists of the smallest index j such that pi =

( j ) ( j +1)
( j + m −1)
qi , qi
, . . . , qi
, which we denote ji∗ . This means that computing S∗ (qi , pi ) is equivalent
√
√
to computing f (qi , pi ). The mistake bound of |S∗ | T = ∪iT=1 { ji∗ } T given by Corollary 11.3.2
is particularly strong when the matching indices are similar across string pairs. Corollary 11.3.5
2(n−|S∗ |)
guarantees that the average size of the searched index set in each round is at most |S∗ | + √
.
T
Since the expected average running
timei of our algorithmh using the inaı̈ve string-matching alh
gorithm to compute f Si is E
runtime.

m
T

∑iT=1 |Si | , minimizing E

1
T

∑iT=1 |Si | amounts to minimizing

11.4 Experiments
In this section, we present experimental results for shortest-path routing and linear programming.
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(a) Grey nodes: the nodes
visited by Dijkstra’s algorithm.
Black nodes: the nodes in our
algorithm’s pruned subgraph.

(b) Top line: average number of
nodes Dijkstra’s algorithm explores. Bottom line: average
number of nodes Algorithm 6
explores.

(c) Top line: average number of
simplex iterations the simplex
algorithm makes. Bottom line:
average number of simplex iterations Algorithm 6 makes.

Figure 11.3: Empirical evaluation of Algorithm 6 applied to shortest-path routing in Pittsburgh
(Figures 11.3a and 11.3b) and linear programming (Figure 11.3c).
Shortest-path routing. We test Algorithm 6’s performance on real-world street maps, which we
access via Python’s OSMnx package [35]. Each street is an edge in the graph and each intersection
is a node. The edge’s√weight is the street’s distance. We run our algorithm for 30 rounds (i.e.,
T = 30) with pi = 1/ i for all i ∈ [ T ]. On each round, we randomly perturb each edge’s weight
via the following procedure. Let G = (V, E) be the original graph we access via Python’s OSMnx
package. Let z ∈ R|E| be a vector representing all edges’ weights. On the ith round, we select
a vector ri ∈ R|E| such that each component is drawn i.i.d. from the normal distribution with a
mean of 0 and a standard deviation of 1. We then define a new edge-weight vector zi such that
zi [ j] = 1{z[ j]+ri [ j]>0} (z[ j] + ri [ j]) .
In Figures 11.3a and 11.3b, we illustrate our algorithm’s performance in Pittsburgh. Figure 11.3a illustrates the nodes explored by our algorithm over T = 30 rounds. The goal is to
get from the upper to the lower star. The nodes colored grey are the nodes Dijkstra’s algorithm
would have visited if we had run Dijkstra’s algorithm on all T rounds. The nodes colored black
are the nodes in the pruned subgraph after the T rounds. Figure 11.3b illustrates the results
of running our algorithm a total of 5000 times (T = 30 rounds each run). The top (orange)
line shows the number of nodes Dijkstra’s algorithm explored averaged over all 5000 runs. The
bottom (blue) line shows the average number of nodes our algorithm explored. Our algorithm
returned the incorrect path on a 0.068 fraction of the 5000 · T = 150, 000 rounds.
Linear programming. We generate linear programming instances representing the linear relaxation of the combinatorial auction winner determination problem. Auction Test Suite (CATS) [124]
to generate these instances. This test suite is meant to generate instances that are realistic and
economically well-motivated. We use the CATS generator to create an initial instance with an
objective function defined by a vector z and constraints defined by a matrix A and a vector b. On
each round, we perturb the objective vector.
From the CATS “Arbitrary” generator, we create an instance with 204 bids and 538 goods
which has
√ 204 variables and 946 constraints. We run Algorithm 6 for 30 rounds (T = 30) with
pi = 1/ i for all i ∈ [ T ], and we repeat this 5000 times. In Figure 11.3c, the top (orange)
line shows the number of simplex iterations the full simplex algorithm makes averaged over all
5000 runs. The bottom (blue) line shows the number of simplex iterations our algorithm makes
averaged over all 5000 runs. We solve the linear program on each round using the SciPy default
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linear programming solver [103], which implements the simplex algorithm [61]. Our algorithm
returned the incorrect solution on a 0.018 fraction of the 5000 · T = 150, 000 rounds.

11.5 Multiple solutions and approximations
In this work, we have assumed that each problem has a unique solution, which we can enforce by
defining a canonical ordering on solutions. For string matching, this could be the first match in
a string as opposed to any match. For shortest-path routing, it is not difficult to modify shortestpath algorithms to find, among the shortest paths, the one with lexicographically “smallest”
description given some ordering of edges. Alternatively, one might simply assume that there is
exactly one solution, e.g., no ties in a shortest-path problem with real-valued edge weights. This
latter solution is what we have chosen for the linear programming model, for simplicity.
It would be natural to try to extend our work to problems that have multiple solutions, or
even to approximate solutions. However, addressing multiple solutions in repeated computation
rapidly raises NP-hard challenges. To see this, consider a graph with two nodes, s and t, connected by m parallel edges. Suppose the goal is to find any shortest path and suppose that in
each period, the edge weights are all 0 or 1, with at least one edge having weight 0. If Zi is the set
of edges with 0 weight on period i, finding the smallest pruning which includes a shortest path
on each period is trivially equivalent to set cover on the sets Zi . Hence, any repeated algorithm
handling problems with multiple solutions must address this computational hardness.
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Chapter 12

Proposed research and future directions

Our results in this proposal suggest many exciting directions for future research in both algorithm configuration and mechanism design. In this chapter, I describe a few of these open
questions, and conclude with a proposed schedule for the remainder of my time as a PhD student.

12.1 Algorithm configuration
12.1.1

Application-independent directions

Mapping problem instances to high-performing configurations. Throughout this proposal,
we adopted the classic batch learning model for algorithm configuration: the configuration procedure uses a training set of problem instances to learn a single parameter setting that will have
high performance on instances outside of the training set. A more flexible approach could learn
a mapping from problem instances to configurations. This would entail using features of a problem instance to predict a configuration that is well-suited for that instance. This is the idea behind
portfolio-based algorithm selectors such as SATzilla [191], but we are not aware of any papers
that provide a theoretical analysis of this problem. This approach was also used to help field
large-scale combinatorial auctions [171]. This direction has the potential for both algorithmic
and statistical innovations.

Faster configuration algorithms for infinite parameter spaces. One of the major challenges in
implementing the configuration algorithm from Chapter 10 (Algorithm 5) is its sample complexity. There are a few ways we could address this issue. For example, it may be beneficial to
use a multiplicative uniform convergence bound in terms of Rademacher complexity, since our
definition of approximate optimality (Definition 10.1.2) is a multiplicative notion. In contrast,
we currently rely on an additive error bound (Theorem 2.2.2). Data-dependent multiplicative
uniform convergence bounds may be of independent interest beyond the context of algorithm
configuration.

Learning within an instance. As an algorithm solves a problem instance, it may be useful for
the algorithm to adapt. For example, it may be advantageous to adjust the variable selection
policy branch-and-bound uses while building the search tree; a policy used at the root of the
tree may no longer be optimal near the leaves. This type of learning within an instance has been
explored with the aid of reinforcement learning [60], but to our knowledge, we do not yet have a
theoretical understanding of this problem.
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Figure 12.1: Experiments by Achterberg [1]. These experiments are run on SCIP, the leading
open-source MIP solver.

12.1.2

Integer programming directions

Integer programming is an especially rich, high-impact area for future research, given the widespread use of the highly-customizable branch-and-bound algorithm.
Learning node selection policies. In Chapter 3, we provided guarantees for learning highperforming variable selection policies (VSPs). Node selection policies (NSPs) are another important facet of branch-and-bound. An NSP determines, at each round of the algorithm, which
leaf of the search tree should be branched on next. A common choice is best-first search, but
Achterberg [1] proposes seven different NSPs and suggests that one could combine multiple
strategies by, for example, “applying the selection rules in an interleaving fashion or by using
weighted combinations of the individual node selection score values.” Achterberg [1] compares
several NSPs in Figure 12.1, and we can see that no one strategy is universally optimal. For
example, depth-first search (DFS) generally performs poorly, except on the ALU dataset, which
consists of infeasible MIPs, where DFS outperforms all other strategies. In future research, we
could learn high-performing NSPs, and combine VSP learning with NSP learning. This would
involve algorithmic innovations, since our learning algorithm in Chapter 3 only tunes one VSP
parameter.
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Non-linear combinations of scoring rules. For the journal version of the paper described in
1− ρ
ρ
Chapter 3 [21], we plan to learn non-linearncombinations o
of scoring rules, such asnscore1 score2 o,

with ρ ∈ [0, 1]. When score1 (T , z, i ) = max c̆z − c̆z− , 10−6 , score2 (T , z, i ) = max c̆z − c̆z+ , 10−6 ,
i

i

and ρ = 21 , this scoring rule recovers the product scoring rule from Section 3.2, which is known
to perform well in practice [1]. We plan to prove sample complexity bounds for these non-linear
combinations of scoring rules, and find examples where learning the right choice of parameters
leads to strong improvements over a default parameter setting, such as the product scoring rule.
Learning cutting planes. Cutting planes are a crucial aspect of branch-and-bound’s ability to
quickly solve integer programs. A cutting plane is a linear inequality that is used to refine the
integer program’s feasible region. There are a variety of different cutting planes that a branchand-bound algorithm might employ, and some have their own tunable parameters. How should
we choose which cuts to employ during branch-and-bound, and when should we employ them?
Can we use a machine learning approach to decide?

12.2 Mechanism design
New advances for tightening pseudo-dimension bounds, or proving lower bounds. In Section 6.1, we provide a few pseudo-dimension lower bounds (Theorem 6.1.22), but intuition suggests that it might be possible to tighten some of the bounds. For example, the best-known
pseudo-dimension bound for item-pricing mechanisms with a single combinatorial buyer is
O(m2 ) [24, 146], where m is the number of items for sale. In essence, the proof of this pseudodimension bound identifies, for any fixed set of buyers’ values, 2m hyperplanes splitting the set
2
of all m-dimensional price vectors into 2m regions where the buyer’s most-preferred bundle is
fixed. However, there are only 2m different bundles, and intuition suggests that the region of
prices where the buyer prefers a particular bundle is a convex region. This suggests that our
pseudo-dimension proof may suffer from overcounting.
Richness of neutral affine maximizers. In Section 6.2, we studied neutral affine maximizers
(NAMs). Let n be the number of agents. There is a very simple subset of NAMs of size n defined
by parameter vectors ρ1 , . . . , ρn where each vector ρi has a 0 in the ith component and a 1 in all
other components. In other words, agent i is the sink agent and all other agents have equal say
in the NAM’s outcome. This class has a pseudo-dimension of O(log n), whereas the class of all
NAMs has a pseudo-dimension of Ω(n) (Theorem 6.2.3), so learning over the class of all NAMs
requires exponentially more samples. In this research direction, we aim to better understand how
much more social welfare we obtain by optimizing over the class of all NAMs. In other words,
what is the difference in the social welfare of the optimal NAM in this simple subset versus the
optimal NAM defined by any parameter vector ρ ∈ Rn≥0 ? Let uµ (v) ∈ [0, H ] be the social welfare
of the NAM parameterized by µ on the set of bids v. One hypothesis is that for any distribution
D,
 




H
max E uµi (v) ≥ maxn E uµ (v) − O
.
n
µ
∈
R
i ∈[n] v∼D
v∼D
Intuitively, it seems like there is always some agent whose value can be ignored without decreasing the optimal social welfare by too much, where by optimal social welfare, we mean the highest
social welfare of any alternative. Roughly speaking, this is because either all agents’ values are
equally consequential, in which case ignoring one agent’s value will only decrease the optimal
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social welfare by O Hn , or some agents’ values are more consequential than others, in which
case ignoring an inconsequential agent will not change the optimal social welfare by too much.

12.3 Proposed schedule
The figure below outlines how I plan to spend my time for the remainder of my PhD. I aim to
defend by the end of my sixth year, June 2021. If time permits, I hope to look into other research
directions included in this chapter but not in the schedule.
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